Temel Yapilar: Kimeler,
Fonksiyonlar, Diziler ve Toplamlar

CSC-2259 Ayrik Yapilar

Konstantin Busch - LSU

Kimeler
Kime, nesnelerin diizensiz toparlanmasidir

Ingiliz alfabesindeki V ={a,e,i,o,u}

sesli harfler:
aeV bgV

10 kigik pozitif tek sayilar:
0 ={1,3,5,7,9}

Kimenin elemanléu
Kimenin uyeleri
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Diger Kiime Gosterimleri

100 kiiglik pozitif fam sayilarin kiimesi:

1,2,3,...,99

Atlanan
ogeler

10 kiigiik pozitif tek sayilar:
0=1{135,7,9!
O = {x| x10'dan kii¢iik pozitif tek sayilar}
O={xeZ™|xteksayive X <10}
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Venn Semasi
Evrensel kiime
A 6 J
2 8

U = {x]| x10'da kiigiik pozitif tam sayilardia}
O = {x| x10'da kiigiik pozitif tek sayiayilar}
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Temel kiimeler

N =1{0,1,23,...} Dogal sayilar
Z=4.,-21012,.} Tam sayilar
Z"={1,23,..) Pozitif tam sayilar

Q={p/qlpeZ,qeZ,q#0} Rasyonel sayilar

R = {Reel sayilar kiimesi} Real sayilar
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Bos kiime

D=1{}

D #{D}
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Kiimenin kapasitesi (boyutu)

Sonlu Kiimeler Eleman sayisi
S, ={a,e,i,o,u} 1S, =5
S, ={a,b,c,...,z} 1S, |=26
S, =1{1,2,3,...,99} S, =99
D I={}=0 D) =1

Sonsuz kimler N ={0,1,2,3,..} Sonsuz boyut
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Esit Kiime
A=B
VX(xe A< xeB)

Ornek: {L,3,5} ={3,5,1}
(13,5) = {13,3.3,5,5,5,5}

{1,3,5,7,9} = {x e Z" | x tek sayi ve X <10}
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Alt kiime

AcB

VX(xe A—> xeB)

Ornek: {1,3,5} < {0,1,3,5} NcZ

Her hangi bir S
kiimesi igin: ScS DS
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Oz alt kiime

AcB B

AcBAA#=B y
VX(Xe A>xeBAady(yeBayegA))

Ornek: 1,3,5; < {0,1,3,5} NcZ

Aciklama: Bir kiimenin kendisinden farkli her bir alt kiimesine 6z alt
kiime denir.

Konstantin Busch - LSU




A=B
is equivalent fo

AcB A BcA
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Gli¢ kiimesi
S kiimesinin giicl, S'nin olasi biitin alt
kimeleri ve bos kimeyi igerir.
S =1{1,2,3
Gli¢ kiimesi
P(S)={2,{1},{2},{3},{1,2},{2,3}, {1.3},{1,2,3} }

IP(S)=2°=2°=8 Ozel durum
N

Y g P(Q) = {2}
Gli¢ kiimesinin
biyikligii P({J}) ={J,{J}}
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Kath mertebeler (iliskiler)
n-kath mertebeler (a,,a,,...,a,)

Elemanlarin siral listesi

(alﬂazﬂ’“’an):(blabza-“abn) 'ff Vi(ai :bi)

If and only if
(ancak ve ancak)

Ornek:  (1,2) #(2,])
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Kartezyen Carpim
Iki kiimenin Kartezyen ¢arpimi A, B
AxB={(a,b)|]ac ArbeB}

Ornek: A={,2} B={ab,c}
AxB={(1,a),(1,b),(1,c),(2,a),(2,b),(2,¢)}
Bx A= {(a,l),(b.]),(c.1).(a.2),(b.2).(c,2)}

Bu durum igin: AxB = Bx A
Boyut:| AxB |5 A|x|B]=2x3=6
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Kimelerde Kartezyen carpim A A, ,..., A
AIXAZX”'XAM :{(a19a29°--aan)|ai € A\}

Ornek:  A={12} B={ab,c} C={xy}
AxBxC ={(,a,x),(,b,x),(,c,x),(2,a,x),(2,b,x),(2,c, X),
(19 a’ y)’ (1’ b’ y)’ (1’ C9 y)’ (2’ a’ y)’(zﬂ b’ y)’ (29 CD y)}
Boyut:| AxBxC|=| A|x|B|x|C|=2x3x2=12
| ACA A A XA [ XX A
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Kiimeler ve Onermeler

Vx(xe S — P(X)) icin kisaca VX e S(P(X))
AX(X € S AP(X)) icin kisaca 3Ix e S(P(X))

Onermenin dogruluk kiimesi P(X)
{x € Domain | P(X)}

uygun P(x) domain (fanim kiimesi)
tim elemanlar:
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Kimelerde Operatérler

Birlesme AUB ={x|xe Av xe B}

U

A=1{35 B={23 AuUB={235}
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Kesisim
ANB={X|xe ArXxeB}

U

A={35 B={23  AnB={3
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Ayrik kiimeler A B
AnB=Y

A={35  B=1{209 ANB=02
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Fark kimesi

A-B={x|xe ArXgB}

U

A={35 B=1{23 A-B = {5}
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Timleyen

A={x|xg Al

A={35  U={,2345 A={24
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A={135 B={23 AUB={235 ANB={l3}

|AUBIH A[+[B|-|ANB|=3+3-2=4

Konstantin Busch - LSU 22

11



De Morgan Kurallari
ANB=AUB

AUB=ANB
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Teorem: ANB ZKUE

Ispat:Gésteriniz ki ANMBc AUB ve AUB < ANB

Bslim 1: AMBc AUB

Xxe AnB

—>X¢ ANB —>—(Xxe AnB) De Morgan's law from logic
- —((xe A)A(XeB)) > =(xe A)v—-(xeB)

S (xg A)v(xgB)—(xeA)v(xeB)

—xe(AUB)

Konstantin Busch - LSU 24

12



Bslim 2AUB = ANB

x e (AUB)
> (xeAv(xeB)—(xgAv(xgB)

—>—(Xe A)v—(xeB) > —((xe A)A(xeB))

— —(xe AnB) De Morgan's

—>XeANnB

Ispat

Konstantin Busch - LSU

law from logic

n sonu

25

Kiime tanimlayicilari

Ozdeslik ilkesi Domination laws
Auvd=A AuU =U
ANnU =A AN =J

Timleyen yasasi
AUA=U
ANA=(

Timleme yasasi

A=A

Konstantin Busch - LSU

Es guigliilik yasasi
AUA=A

ANnA=A

De Morgan's laws
AUB=ANB
ANB=AUB

26
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Degisme yasasi Birlesme yasasi

AUB=BUA AuBuUC)=(AuB)UC
ANB=BnA AN(BNC)=(AnB)NC

Yutma yasasi Dagilma yasasi

AU(ANB)=A AN(BuC)=(AnB)U(ANC)
ANn(AUB)=A Au(BNC)=(AuB)N(AULC)
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Genellestirilmis birlesme ve kesisim

AUAU-UA = A

AnA A =(]A
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Ornek: A={i,i+Li+2,..}

UA-

i=1 i

{iLi+Li+2,...}=A ={123,...}

n n
i—]

n n

A= Li+Li+2,..}=A ={n,n+1,n+2,.}

i=l i=l
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Kiimelerin bilgisayarda gosterimi

Ikili dizgeler olarak kiimelerin gosterimi

U ={1,2,3,4,5,6,7.8,9,10}

NAL

A={13579 1010101010

B=12,46810y 0101010101
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Set operations become binary string operations

A={1,2,3,45 1111100000
B={13,579 1010101010

AUB={1,234579 1111101010
Bit bit OR

ANB={13,5! 1010100000
Bit bit AND

Konstantin Busch - LSU 31

Powerset P(S) of S={aa,,a,,...,a_,a}
\ )

.
. N elements
P(S) n lj)\lts

4 \\
@: 0000000000
{a,}:1000000000
{a,}:0100000000 ~ 2" combinations

4

S: ML ) pg)mon =28

Konstantin Busch - LSU 32

16



Fonksiyonlar

Isimler Notlar
Adams ¢ A
Chou B
Goodfriend C
Rodriguez e D
Stevens @ »o

f (Chou)=C f (Rodriguez) = A
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f:A—>B o
Tanim kiimesi Deger Kl_Jmesn
(Domain) (Codomain)

Image
of a

Tanim kimesinin her elmanin
tam bir géruntd vardir.

maps A toB

Konstantin Busch - LSU 34
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Domain Codomain
Adams ¢

Chou
Goodfriend

Rodriguez

Stevens @

Domain = {Adams, Chou, Goodfriend, Rodriguez, Stevens }
Codomain = {A,B,C,D,F}
Range = {A,B,C,F} Tum goruntilerin kimesi

Konstantin Busch - LSU 35

f:Z2 o7

f(x)=x

Domain =7
Codomain =Z

Range ={0,1,4,9,...}

Konstantin Busch - LSU 36
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Esit Fonksiyonlar
f:A—>B g:C->D

T=g

A=C ayni domain
B=D ayni codomain

vxe A, f(x)=09(X) ayni mapping
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Bazi programlama dillerinde,
domain and codomain agtk¢a tanimlanir

int f(int a) {
return a*a;
}

Konstantin Busch - LSU 38
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Toplama ve Carpma Fonksiyonu

Real sayilar
fllA—)R (f1+ fz)(x): fl(X)-i— fz(x)
f,:A->R (f, 1)) = £,(x) £,(X)

Ornek: f(x)=x>  f,(X)=x-x°
(f, + f,)(X) = f,(X)+ f,(X) = x> +(X=x*) = X
(f, 1)) = f,(x) f,(x) = Xz(x_xz) =x —x*

Konstantin Busch - LSU 39

Kiimenin Goriuntisu

S Kimesi  f(S)={t|IxeS(t = f(x)
={f(X)|xeS}
Ornek:  f(x)=x’
f({1,2,3})=1{1,4,9}

Konstantin Busch - LSU 40
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(One-to-one) Birebir fonksiyon

Domain deki her x, y igin
f(X)="f(y) implies X=Y

® ro 1

S

5

o 0O T 9

Ornek: f(X)=Xx+1 bire birdir
g(X)=X* birebir degildir: g(-1)=g(1)=1

Konstantin Busch - LSU
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Artan fonksiyon: X<y — f(x)< f(y)

Kesin artan: X<y—- f(x)< f(y)

Kesin artan fonksiyonlar birebirdir
(one-to-one)

Konstantin Busch - LSU

42
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Onto (6rten) fonksiyon f:A>B

Her ye Bigin xe B dir.
F(x)=y

O :01
2
3

O 0 T 9

Range = Codomain

Ornek: f(X)=Xx+1 Onto (6rten) dir.
g(X) = X’Onto degildir. vx e z,g(x) = -1
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One-to-one benzer (birebir ve srten) fonksiyon

Hem one-to-one hem de onto fonksiyonlardir.

O =01

O 06 T 9
A w N

Ornek: f(X)=x+1 Birbir ve drtendir
g(X)= x> Birebir ve 6rten degildir

Ozdeslik fonksiyonu lA(X) = X birebir ve 6rtendir.

Konstantin Busch - LSU 44
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onhe-to-one not one-to-one onhe-to-one

not onto onto onto
a 1 a 1 e »ol
b @2 b 2 b 2
s d d 4
not one-to-one
not onto not a function
ade— ! ade— !
b 2 b 2
d ®4 4
Konstantin Busch - LSU 45

f birebir ve 6rten fonksiyonun tersi f !

f(x)=y iken f7'(y)=x

domain f codomain

. -1 .
) codomain ' domain
aeg———0

Gge— o

b 2 b 2
d 4 d 4
f tersinir fonksiyondur

Ornek: f(X)=x+1 f(y)=y-1

Konstantin Busch - LSU 46
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Fonksiyonlarin kompozisyonu

f:B—>C fog:A>C
g:A—> B (fog)(x)=1(g(x))
Ornek:  f(X)=2x g(x)=x’

(fog)(x)=f(g(x) = f(x*)=2%"
(go )(x)=g(f(x)=g(2x) =(2x)* = 4x’

Konstantin Busch - LSU 48
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Ozdeslik fonksiyonu
fof'=f"of=i

Suppose f(X)=Yy
(fof D=1 (y)=fX)=y

(F e f)) =7 (f(x))=f(y)=x
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Alt ve Ust
X Real sayiyi gostermek lizere

I_XJ x kiiglk veya esit olan

Alt fonksiyon: en buyik tam sayi

Ust fonksiyon: |_x_| X :gﬁg‘g;iy‘; ;5;2;):%

2 2

Ornek: FJ=0 P]:l |-3.1]=-4 [-3.1]=-3

Konstantin Busch - LSU 50
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Faktoriyel fonksiyon
f(n)=n!=1-2-3---(n=1)-n
f(0)=0'=1

f:No>Z"

I'=1 201=1-2=2
20'=1-2-3---19-20=2,432,902,008,176,640,00

n n
Stirling's formula:  nl=~/27n (gj

Konstantin Busch - LSU

6!=1-2-3-4-5-6=760

0

51

Diziler
Dizi:  function from a subset of integers
toaset S
Sonlu dizi Sonsuz dizi
2,4,6,8,10 1,39,27 81,..
a,a,,a,,a,,a,

Alternatif gosterim
f(n)=a, a, =3 k=0
f()=a,=2 {a,}=4a,,a,,a,,a,,4as,...
f(5)=a, =10 =1,3,9,27,81,...

52
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Sonlu diziler:  @;,a,,...,a,

Dizi: @,@,a, -~ a

n

Dizinin bidtin elemanlari bir birine eklenir.

Dizinin uzunlugu: |a,a,---a, |=n

Bos diziler (null): 3 A1=0

Konstantin Busch — LSU 53

Aritmetik diziler
a,a+d,a+2d,....,a+nd,...

Baslangig terimi a

Ortak fark d

Ornek: n=0 Baslangici ile {S,} =—1+4n

-1,3,7,11,...

Konstantin Busch - LSU 54
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Geometrik diziler

n

a,ar,ar’,...,ar",...
Baslangig ifadesi @

Ortak oran r

Ornek: n=0 ile baglar{c }=2-5"
2,10,50,250,1250,...

Konstantin Busch - LSU 55

Toplamlar
Dizi: Ay 8> Qypse o Ay

TOPIGI’I'\I a'm + am+1 + am+2 +eeet a'n - Zai

5
Ornek: Zi2 =12+2°+3*+4°+5* =55
i=l1

Konstantin Busch - LSU 56
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. n(n+1
Theorem: ZI =(—)
i=1

2
Proof: fa}= 1 2 3 4 .« n=1 n
{p.}= n n-1 n-2 n-3 ... 2 1
{c.}= n+l n+l n+l1 n+1 - n+l1 n+l

=

S-$i-Ta-3h
i=1 i=1 i=1 |:> S _ n(n _|_1)

nn+1)=> ¢ => a+> b=2S 2
i=l1 i=l1 i=l1
End of Proof
Konstantin Busch - LSU 57
Teorem: Eger a,r reel sayi
ve re {01} ,ise
n _ ar n+1 —a
dar'=———
i~0 r—1
n -
Ispat: Let S= Zar'
i=0
Konstantin Busch - LSU 58
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:réar' —> rS=S+(ar"' -a)

— Zariﬂ
n+1

- ar n+l1
k=1 ar —a
N S=———
:( arkj+(ar”“—a) r—1
k=0
=S+(ar"' -a)
Ispat sonu

Konstantin Busch - LSU
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Yaygin olarak kullanilan foplam ifadeler:i:

Z”:i_n(n+1)
= 2
Z”:izzn(n+1)(2n+1)
6

n+l_a
Za ——, re{ol}
i=0 r—1
Zx':L, | x|<1
i=0 1

Konstantin Busch - LSU
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Sayilabilir Kiimeler

Sayilabilir Sonlu Kiime:

Her hangi bir sonlu kiime varsayilan
olarak sayilabilirdir.

Sayilabilir Sonsuz Kiime:

Eger S de Z*'ye bire bir drten iliski var
ise sonsuz'S kimesi sayilabilirdir.

Pozitif tam sayilar

Konstantin Busch - LSU 61

Teorem: Pozitif ¢ift sayilar sayilabilirdir.

Ispat:
Pozitif ¢ift tam sayilar:2, 4, 6, §, ...

Bire bir iliski:

Pozitif tam sayilar 1, 2, 3, 4, ...
n, 2n'e karsilik gelir
Ispat sonu

Konstantin Busch - LSU 62
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Teorem:Rasyonel sayilar kiimesi sayilabilirdir.

Ispat:
Bizim listeleme yapacak bir metot
bulmaya ihtiyacimiz var.

. 3 7
Bitiin rasyonel sayilar: —, Z’ g,

2

Konstantin Busch - LSU 63

Naive Yaklagimi Keyfi olarak 1 ile baglayalim
Rasyonel sayilar: L.
Y Y * 1 9 2 s 3 5
Bire bir iligki: l l [
Pozitif tam sayilar: 1, 2, 3,
Is yapmaz:
Asla keyfi olarak 2 ile baslayarak
listelenmez: )
T, 5, 5,...

Konstantin Busch - LSU 64
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Daha iyi bir yaklagim: diagonal tarama

Nominal=1 1 l 1 l
| 2 3 4

Nominal=2 = 2 2

ominal= | ) 3

Nominal=3 — é

ominal= | )

Nominal=4 I

Konstantin Busch - LSU
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birinci diagonal

1 1 1
2 3 4

2 2 2

1 2 3

3 3

1 2

4

1

Konstantin Busch - LSU
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ikinci diagonal

b1 l 1

1 / 2 3 4

2 2 2

1 2 3

3 3

1 2

4

1 Konstantin Busch - LSU 67
tglincu diagonal

R S S

1 / 2 3 4

2 2/ 2

1 2 3

3/ 3

1 2

4

1 Konstantin Busch - LSU 68
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dérdiincu diagonal...

Her bir eleman sonuna
kadar taranacak

Konstantin Busch - LSU 69

Diagonal liste

1
Rasyonel sayilar: 1’ 9’

> U | =
> DN N

Bire bir iligki:

\4 \4 \4 A

Pozitif tam sayilar: 1, 2. 3, 4, 5, ...

Ispat sonu

Konstantin Busch - LSU 70
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Teorem: .. :
S =(0,]) ¢ R kiimesi sayilmazdir.

Ispat: S kiimesinin sayilabilir oldugunu
varsayalim,

sonra elemanlarini siralayalim

S =1{5,S,,5;,...}

|

S'nin elemanlari

Konstantin Busch - LSU 71

5=(0,1) kiimesinin elemanlarinin listesi
s, = 0 01 4 52 9 421 6
s, =0 1 21 3 21 5 7 31
s, =0 1 302 05 3 1 8 4
s, = 0 321003 211 3
s, = 0 4 6 1 8 4 2 1 5 21
Konstantin Busch - LSU 72
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s, = 0 9 4 2 1 6
s, = 0 1 57 31
s, = 0 531 8 4
s, = 0 3211 3
s, = 0 215 2 1

W

Konstantin Busch - LSU
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5

s, = 0 . @ 1 45 2 9 4 2 16
s, =0 . 1213215731
s, =0.13 020531284
s, = 0 3210032113
s; = 0 4 61 8 4 2 15 21

Eger diagonal eleman «0» ise dijit «1» e
donustirdldr.

tzo.@x2 X3 Xg Xs Xg X, Xgo Xoo X

Konstantin Busch - LSU
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s, = 0 01 4529 4216
s, =0 1 @ 1 3215 7 3 1
s, = 0 1 0 205 31 8 4
s, = 0 3210032113
s; = 0 4 6 1 8 4 2 15 21

W

Eger diagonal eleman «0» degil ise dijit «O0»
e dondsturdlir.

5

t = 0 .1 X, X, Xg Xg X; Xgo Xgo Xy
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s, = 0 01 452 9 42 16
s, =0 .12 13215731
s, = 0 1 3 @ 2 0 5 3 1 8 4
s, = 0 321003 211 3
se = 0 4 6 1 8 4 2 1 5 2 1

Eger diagonal eleman «0» ise dijit «1» e
dondsturdlir.

t=0.10@x4x5x6x7x8x9x10

Konstantin Busch - LSU
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o
I

[S)

N
A W = = O
— N W N
Dhn —= = 3 N

—_— W A = O

1
3
8
1
2

(98]
Il
S O O O O
AN D W N -
N W Wh — O

5

] wn wn (7]

Eger diagonal eleman «0» ise dijit «1» e
donistirdlir.

t:O.IOI@x5x6x7xgx9xlo

Konstantin Busch - LSU
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ss,; =0 .01 45294216
s, =0 .1213215731
s, =0 .1302053128 4
s, =0 .3210032113
s, = 0 4618@21521

Eg’ér' diagonal eleman «0» degilse ise dijit
«0» e donustirdlir.

t=0.1011@x6x7x8x9x10

Konstantin Busch - LSU
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4 52 9 4 2 1
5 7 3

1

2

0

1

4

1

3 2

8

1
1

302 05 3

2
6

1
3
4

0 0 3 2

1
1

1 5 2 1

8 4 2

Islemi yineleyerek yeni numara elde ederiz.

101101 e (0,1)

0

79
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1

4

1
5 7 3

4 5 2 9 4 2

1
302053

2
6

3 2

8

1
1

1
3
4

0 0 3 2

1
1

1 5 2 1

8 4 2

(ilk dijit farklr)

.@01101

Gozlem: T # S,

0

t

80
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6

1

4

4 52 9 4 2 1
5 7 3

1

g

1

3 2

8

302 0 5 31
1

2
6

0 0 3 2

1
1

3
4

1 5 2 1

8 4 2

1@1101

Gozlem: t#S, (ikinci dijit farkh)
0

81
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6

4 5 2 9 4 2 1

1

0

1 1 5 7 3 1
3@2053184
1 I 1 3

0 0 3 2

1 8 4 2 1 5 21

6

4

~

.

o
Y

=

=2
o)

3

(@)

<

3

g —
3
Nt o

—

N
»w (=
T =
o

—

£
Y o
N
H{e] Il
O

82
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Gozlem: t#S; (heriicinidijit farki)

4

teS={s,s,,.... =(0,])
Celiskil

t=0.101101- (0]l
Ispat sonu

Konstantin Busch - LSU 83

Kanitladik : (0,1) < R sayilamazdir.

Ispatlanabilir: Sayilabilir kiimenin her
alt kiimesi sayilabilirdir.

J

Bu durumda, R reel sayilar kiimesi
sayilamazdir.

Konstantin Busch - LSU 84
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Onceki ispat teknikleri;

Cantor diagonellestirme ispati

olarak bilinir.

Ayni teknik diger ispatlar iginde kullanilabilir.
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Teorem: Eger S sonsuz sayilabilir kime ise
P(S) glig kiimesi sayilamazdir.

Ispat:
S sayilabilir oldugu igin elemanlari
listeleyebiliriz

S ={S,,5,,S;,..-}

|

S'nin elemanlari
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P(S), gii¢ kiimesinin elemanlar formlar:;

%)
{s1}

{S1,S3}
{31933934}

{S5,57,59,510
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Gii¢ kiimesinin her bir elemanini, O ve 1'in
ikili bir dizisi ile kodlariz.

ﬁgﬁ\esmm P(S) Ikili kodlama
ot S S S S
{81 1 0 0 0
152,83} 0 1 1 0
151,83,54} 10 1 1
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Gozlem:
Her sonsuz ikili dize glig seftinin bir
elemanina kargilik gelir

Ornek: /1()()/11\1 0 -
Karsilik: {S,,S4,Ss,S¢s--- € P(S)
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P (S) gli¢ kiimesinin sayilabilir oldugunu
varsayalim (geligki igin).

Sonra: gli¢ kiimesinin elemanlarini
siralayabiliriz.

P(S)=1{t,t,t,,...}
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Giic Bu baglamda
i P(S .
kimesinin P(S) ) K odlama

elemanlari
t, 1 0 0 0 0
t, 1 1 0 0 0
G 1 1 0 1 0
ty 1 I 0 0 1
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Bit'ler kdsegenlerin tamamlayicisi olan ikili
dize alin.

O 0 O
ts 11 @ 10
t, 11 0 (o)1
Kosegenlerin
timleyeni 0 0 ! L
Tkili dize: t = 0011
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Ikilidize: T = 0011

P(S) Gii¢ kiimesinin { = {53,34,. ) } c P(S)
bir elemanina karsilik
gelir :
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Baylece t, bazi t; degerlerine esittir: T =1,

te P(S)
Ne var ki:
t ikili dizesindeki i-inci bit t'nin i-inci t 2t
bitinden farkhdir, boylece: il
te P(S)=1{t,t,,...,t.}
Celigkilll Ispatin sonu
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