Timevarim ve Ozyineleme

CSC-2259 Ayrik Yapilar
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Tumevarim
Timevarim ¢ok kullanigh bir ispat teknigidir.

Bilgisayar bilimlerinde, timevarim
algoritmalarinin 6zelliklerini kanitlamak
icin kullanthr.

Tlmevarim ve 6z yineleme bir biri ile iligkilidir.

-Ozyineleme algoritmalar igin bir tanimlama metotdor
*Timevarim 6z yineleme algoritmalri igin uygun
bir ispat metodudur.
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P(n) onermesinin dogru oldugunu ispat etmek igin
timevarim yontemini kullaniniz:

Temel timevarim: P(1) dogru oldugunu ispatlayiniz

Timevarim hipotezi: P(K)dogru oldugunu varsayiniz.
(her hangi bir k pozitif tam sayisi igin)

Tlmevarim basamgr:
P(k +1) dogru oldugunu varsayiniz.
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Timevarim hipotezi: P(K) dogru oldugunu varsayiniz.
(her hangi bir k pozitif tam sayist igin)

Timevarim basamgr: P(K +1)
dogru oldugunu varsayiniz.

Timevarim basamaklarini diger
bir ifade ile ispatlarsak:

P(k) > P(k+1)
k her pozitif tam say: igin

Konstantin Busch - LSU 4




Temel timevarim  Timevarim basamagi
P() P(k) —» P(k+1)
Dogru Dogru

Bitiin pozitif tamsayilar igin 6nerme dogrudur
P(1)—>P2)—>P3)—>P4)—>---
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Cikarim kurali olarak tiimevarim:

[P(1) AVK(P(k) > P(k+1))]— ¥YnP(n)
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Teorem: P(n): 1+2+3+...+n:n(n+1)

2
IspaT:

Temel tiimevarim: P): 1=4+D

Tilmevarim hipotezi: oldugunu varsayalim
P(K): 1+2+-k= k(kz”)
Tiimevarim basamgi: Ispatlarsak

P(k+1): 1+2+---k+(k+1):(k+1)((;+1)+1)
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Tlmevarim basamm

P(k+1): 142+---k+(k+1) (ftimevarim

. k(k +1) +(k +1) hlpOT@ZI)

_k(k+D)+2(k+1)
2

_ (K+D((k+1)+1)
2

Ispat sonu
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Harmonik sayilar

H.=1+l+l+l+---+l_
‘ 2 3 4 J

j=123,...

25

} 1 1 1
k: H,=1+—+—4+—
Orne ! 2 3 4 12
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Teorem: H2n > 1+g n>0

Ispat:

Temel timevarim: n=0
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Timevarim hipotezi: n=K
o . K
Beklendigini varsayalim: H, > 1+5

Tiimevarim basamagi: n =k +1

Gosterecegiz: H Jon 2 1+ %
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1 1 1

H2k+1 l+—+—+ +2k+2k+1 S
1 1
=H2k+ k+1+'" kel

2(1+Ej+ kl +...+% Timevarim
2) 2°+1 2" hipotezinden

Ispat sonu
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Teorem: H2n <l+n n>0

Ispat:

Temel timevarim: n=0

H,=H,=H =1=1+0=1+n

Konstantin Busch - LSU

Timevarim hipotezi: n=KkK

Beklendigini varsayalim: H_ , <1+K

Tiimevarim hipotezi:n=k +1

Gosterecegiz: H e ST (k+1)
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2 2k 2k+1 2k+1
1 1
:H2k+ k+1+ 2k+1
<(1+K)+=—+..4 - TUmevarim
+1 2 hipotezinden
1
<(1+k)+2¢
(1+k) “+1
<(1+k)+1
=1+(k+1)

Ispat
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ce\see .o

Gordlgumiz gibi: 1+g£ H,<1+n

Beklendlgl glbl Hleong < Hk < H2|—logk—|

4

1+|-10§kJ£ H, <1+[logk]

:

H, =0O(logk)
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Triominos

o & e

3 X23
2% xD?
2x2
bosluk bosluk //

bosluk
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Teorem: Her2"x2", n>1 dama tahtasinda
Triominoes'in kuyrugu bir kare
hareket edebilir.

Ispat: Temel tiimevarim: n=1

2% 2!
E Hp [ ]

bosluk
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Timevarim hipotezi: n=K

2% x 2¥ dama tahtasinda boglugun her hangi
bir yere yerlestigini varsayalim

2k x 2k

/
Bosluk her hangi bir yerde
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Timevarim basamagi: N =K +1

2k+1 X 2k+1
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Timevarim hipoteziyle 2k« 2k karede
boslugun dosendigini diisiinelim.

2Kk koK

[]

Ug yapay delikler eklendi
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23 x 23 durumda:

oF
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2k x 2k 2k x 2k

]

Triomine ile ii¢ boslugu yer degistirelim.
Simdi biitiin alanlar désenmis olur.
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23 x 23 durum igin:

o

Ispat sonu
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Glicld Timevarim

P(n) Onermesi icin:
Temel timevarim:P(1) dogru oldugunu ispatlayalim

Timevarim hipotezi:
PHAPQR2)A---AP((K)
dogru oldugunu varsayalim

Tilmevarim basamag::
P(k +1) dogru oldgunu varsayalim
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Teorem: N > 2 her tamsayi, asal sayilarin sonucudur.
(sonuglarindan en az biri asal sayidir)

Ispat: (Giigli tiimevarim)
Temel timevarim: N =2

2 sayisi bir asal sayidir.

Timevarim hipotezi: 2<n<k

2 ve K arasindaki her tamsayi asal sayilarin
bir sonucudur diye soylenebilir.
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Tumevarim basamaklari: n =k +1

Eger k +1 asal say! ise ispat bitmistir.

Eger k +1 asal say: degilse, o biilegiktir.

k+l1=a-b 2<ab<k
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k+l=a-b 2<ab<k

Timevarim hipotezine gore;

1, =1
a=pP;-p >:> k+l=a-b=p,--pq ---q,
b=qq, o, Asal say!
Asal say!i |

Ispat sonu
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Teorem:

n>12 i¢in her posta génderim bedeli

4 ve 5 sentlik posta pullart kullanilarak
ayarlanabilir.

Ispat: (Gigli time varim)

Timevarim temelleri: Dért durumu inceleyelim.
(time varim basamaklari igin]

N=12=4+4+4 N=14=5+5+4
N=13=4+4+5 N=15=5+5+5
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Timevarim hipotezi:  12<n<KkK

12 ilek arasindaki her posta bedelinin 4
sent ve 5 sentlik pullar kullanarak
uretilebilecegini varsayalim

n=a-4+b-5

Timevarim basamagi: n =k +1

Eger 12 <k <14 ise tiimevarim basamagi
timevarim temelinden direkt olarak
takip eder

Konstantin Busch - LSU 30

15



Varsayim olarak: k>15 k+1=(k-3)+4
12<(k-3)<Kk
@ Timevarim hipotezi
(k=3)=a'-4+b’-5
k+l=(k-3)+4=(a"+1)-4+b"-5

Ispat sonu
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Ozyineleme

Ozyineleme; fonksiyonlarin, kiimelerin,
algoritmalarin tanimlanmasinda kullanilir.

Ornek: Faktoriyal fonksiyon f(n)=n!
Ozyineleme temel f(0)=1

Ozyineleme basamak:f (n+1) = (n+1)- f(n)
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Faktoriyel igin 6zyineleme algoritmasi

factorial( N) {
ifN=1then //6zyineleme temel

return |
else //6zyineleme basamak

return n-factorial(n-1)
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Fibonacci sayilari

f,, f, f,), fssen.

Ozyineleme temel: f, =0, f =1

Ozyineleme basamak: T, =T, +f,,
n=234,...
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f,=0

f,=1
f,="Ff+f,=1+0=1
f=f+f=1+1=2
f,=f+f,=2+1=3
f=1f,+f,=3+2=5
f=f.+f,=5+3=8
f,=f+f, =8+5=13
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Fibonacci fonksiyonu igin
6zyineleme algoritmasi

fibonacci(N) {
if ne{0,1} then //szyineleme temel
return N
else //6zyineleme basamak

return fibonacci(n-1)+ fibonacci(n-2)
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Fibonacci fonksiyonu igin iterasyon algoritmasi

fibonacci(N) {
ifn=0 theny <0
else {

X< 0
y<«1

for 1<~1ton-1do{
Z< X+Y
X<y
y <2

}

return Y

}
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Teorem:  n>3 icin f >0

_1+\/§
2

o

(altin oran)

Ispat: Timevarim (gigli) ile ispat

Tumevarim temel: N=3 n=4

f,=2>0

f,=3>6"
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Tiime varim hipotez:  3<n<Kk

Oldugunu varsayalm T, > 5"

Tiimevarim basamak: N =K +1

4<k igin f, >5%" oldugunu ispatlayalim
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O icinXx*—=x—1=0 denklemini ¢cézelim

!

o' =0+1

l

5k—1 — 52 .5k—3 — (5+1)5k—3 — 5k—2 +5k—3

.., =Gl 5

Timevarim hipotezi  Ispat sonu
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En blyik ortaka bélen

Ozyinelemeli temel: gcd(a,0)=a

Ozyinelemeli basamak:
gcd(a,b) = gcd(b,amodb)
a>b
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En biiyik ortak bélen igin
6zyinelemeli algoritma

ged(a,b){ //ab oldugunu varsayalim
ifb=0 then //6zyineleme temel

return a
else //6zyineleme basamak

return gcd(b,amodb)
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Lamés Teoremi:

gcd(a,b), a>b icin Euclidian algoritmasi
en cok 5-log,, b bolerek (iterasyon) kullanilir.

Ispat:

Algoritmanin bélimiinde Fibonacci
iliskilerinde gostermistik.
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Bslimler @a=T1, b=r, kalanlar
| |
r,/r rh, = rq,+r, Oo<r,<r,
n/r, N = nQ,+n o<r<r,
rn—2 / rn—l rn_2 - rn—lqn—l + rn 0 < rn < rn_l
ot /Ty hha = rnqn}()
Ik sifir sonug
ged(a,b) = ged(r,,r,) = ged(r,,r,) = ged(r,, 1)
= ng(rn—Z’ rn—l) - ng(rn—lﬂ rn) - ng(rn 90) = rn
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hh = na, +n

f - nd, +h
rn—2 = rn—lqn—l + rn
rn—1 = rnqn + 0

= Lh=h+r
= n2r+rn

= I _,>r_ +I

n

= (h, 2200

<t ve U tam sayi oldugu igin

burada sonlanir.
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r =gcd(a,b)>1 oldugu igin burada kalir.

r.,=2r,

r,=r_,+r

a2 hat b )

n2r+r
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b=r > f

n+l1

—>b>s"
1:n+1 >5n_1 @
o5 log,,b>(n-1)log,, o
°=
n<w+l<5-logmb+l
log,, 0
n<5-log,b

Ispat sonu
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Mergesort (Birlestirme sirali) algoritma

82469710153

Bol
824609 71015 3
snr'alal l sirala
2 4689 135710

12345678910
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sort(a,a,,...,a ){

if n>1 then{
m=[n/2]
A «sort(a,,a,,...,a,)
B <—sort(a,,,a,,,---,a,)

return merge(A, B)

}

else return a,

}
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Ozyinelemeli ¢cagrilarin girig degerleri
82469710153

/\

824609 71015 3

N T

8 2 4 6 9 7 10 1 5 3

2 N N NN

2 4 6 9 710

—
o1
w

/N N

8

2 7 10
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Birlestirmenin giris ve ¢ikis degerleri

12345678910

/\

246809 135710
4 8 6 9 7 101 5 3

/N N

2 7 10
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merge( A, B ) { //iki siralanmig liste

L« O
while AzZdand B do {

Listeden A, B en kiigiik eleman
¢tkartilir ve L eklenir

}
if Az orB#J then {
L kalan elemanlar eklenir

}

return L

}
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Birlestirme 2 4 6 8 9

N

2 4 8 6 9
A B L Karsilastirma
2 4 8 6 9 2 2<6
4 8 6 9 2 4 4<6
8 6 9 2 46 6<8
8 9 2 4 6 8 8<9
9 24689
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A,B Iki listeyi birlestirmek icin
karsilastirilan toplam en gok say:;

ce oo ce\soe

#comparisons <|A|+|B]|

N

A’'nin uzunlugu B'nin uzunlugu
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Ozyinelemeli ¢agirma agaci
a,a,,...,a

Apes8y By peenBy By b8y By e
4 2 2 4 4
#'/ N
a,..., a, A, _3,...,a,
a,,d, a;,4, a5, a,_,a,
1 a2 53/ a4 """ an—3 an—2 an—l \in
Varsayim olarak
n=2
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Ozyinelemeli gaglr'ma agac! Liste bagina elemanlar

n= 2logn0

n/‘2/\ n/2 n/2 =2
PN N

n/4 n/4 n/4 n/4 n/4 — logn-2

4#/ Z 4 — 2.logn—(10gn—2)

2/ \2 2 / \2 2= 210gn—(10gn—1)
SN N v\ VAN

S T G TERTRRPS ro Y 1= grenfon)

Vr?r'_sg I #agacin seviyesi =1+logn
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Birlestirme agaci
a,a,,...,a

n
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Birlestirme agaci
n

/\
n/2 n/

n/4 n/4
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Liste basina elemanlar

n

n/2

n/4

58
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Birlestirme agact  Seviye basina karsilastirma

n @@n

n/2 n/2 M/22=n
n/4/ \n/4 n /4/7 ‘\n/4 @@: n
2/ \2 2/\2 @=:
SN A /N /N N
1 I 1 1 «eeees 1 1 I 1 Seviye bagina
irlestirme

Toplam maliyet:n-(#levels-1) = nlogn
Birlestirme

basina elemanlar
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Eger karsilagtirma sayisi n=2" ise
en gok nlogn

Eger karsilastirma sayisi N # 2% ise
en gok mlogm=0(nlogn)

m =2 < on

Birlestirmeli siralamanin zaman karmasikhgt:
O(nlogn)
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