Example 1

1 _A BsiC
s(s2+1) s s2+1
1 A(s2+1)+Bs+C§
s(s2+1) s(s241)  s2+1s
1 _A(s?+ 1)+ (Bs+ C)s
s(s2+1) s(s2+1)

1=A(s*>+1)+(Bs+C)s
1=(A+B)s>+Cs+ A

e T R

s2 41

1
s(s2+1)

}=1—cost
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Example 2

o= y(0)=3

Take the Laplace transform of both sides. Let the Laplace
transform of the unknown function y be Y which is also unknown
meanwhile.

sY —y(0)—2Y =

s—5 s—5

Y — 3s—14 A n B
C(s—2)(s—5) s—-2 s-—5

To find A, multiply both sides by (s — 2) and evaluate at s = 2:

3s — 14
o 5 AT - Ty
3s—14 B
@=A+S_5x(s—2) _
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Example 2 (cont.)

3s—14 B

2T, 9

(=5 At ]
3x2— 14 B 8
XTI Ap B w(2-2)—A=2
2-5) o5 X (2m 2 A=g

To find B, multiply both sides by (s — 5) and evaluate at s = 5.
This gives B as % Thus

. 3s—14
- (s—2)(s—5) s

5t

8 o 1
Hf p—
5 36 +3e

| |wico
| ol

2+s
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Example 3

d?y dy ,
_27 —_— p— p— pr—
a2 - 8y =0, y(0)=3, y'(0)=6

{s?Y —sy(0) = y'(0)} —2{sY - y(0)} —8Y =0
[s? —25—8]Y —35=0
3s A B

Y: =
(s—4)(s+2) s—4+s+2

3s
[ R
3s
B= [(s—4)(s+2)
3s 2

1
Y: — <_>2 4t —2t
5_4)(5+2) s—4 sy2 ¢ T€

><(s+2)} =1

s=—2
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Example 4

d2y -2t o /
2 Ty =e Tsint, y(0)=0, y'(0)=0

(2Y — sy(0) —y/(O)} + ¥V =

[(s+2)2+1]

1
{s?’Y —s0 -0} + Y =

[(s+2)2+1]
B 1 _As~|—B+ Cs+ D
(24 1)[(s+2)2+1] 241 (s+2)2+1
1 _As+B(s+2)P7+1 Cs+D s?+1
(s24+D[(s+2)2+1] s2+1(s+2)2+1 (s+2)2+1s2+1
1 (As+ B)((s +2)® + 1) + (Cs + D)(s® + 1)

(s2+1)[(s+2)2+1] (s2+D)[(s+2)2+1]
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Example 4 (cont.)

1 _ (As+B)(s+2?+1 (Cs+D) s*+1
(s2+1)[(s+2)2+1] s2+1 (s+2)2+1 (s+2)2+1s2+1

1 _ (As+B)((s+2)2+ 1)+ (Cs+ D)(s* + 1)
(s2+)[(s+2)2+1] (s2+1)[(s+2)2+ 1]

1= (As+ B)(s® +4s +5) + (Cs + D)(s* + 1)
1=(A+C)s>+(4A+ B+ D)s* + (5A+ 4B+ C)s + (5B + D)

A+ C =0
4A+B+D = 0 -1 1 1 3
5A+4B+C = 0 A 8’B 8’ 8’ 8
5B+ D = 1
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Example 4 (cont.)

2
3 - +
G12P+1 (542241 (s+27+1

55 5 L(s+2) .\ L
s?4+1 241 (s+2)+1  (s+2)

+1

1 1 1
y(t) = ?cost—i—7sint+§e—2tcost+7e_2

t -
sint
8
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Example 5

dy d’y  _dy
L4l 5% 1oy —10cost, y(0) =0, y'(0) =0, y"(0) =3
J3 A th cost, y(0) =0, y'(0) =0, y"(0)

{s°Y — $?y(0) — sy/(0) — y"(0)} + 4{s”Y — sy(0) — y'(0)}

S
Y - oy =1
+5{sY — y(0)} +2 = 10"
{$Y —s?0—s0—3}+4{s’Y —s0—0}+5{sY —0}+2Y = 10 i .

Y -3}1+4 Y} +5{sY}+2Y =10
{5 } {5 } {5 } 52 1

35 +10s + 3 A B C Ds+E

T ) 02(5+2) st2 s+l (1P 41
_ 1,2 2 s, 2
Cs+2 s+1 (s+1)2 s2+1 241

y(t) = —e 2t 4 2e7t —2te”t —cost+2sint
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Example 6
& _6x+3y = 8et
Y _ox—y = det
%(0) = -1, y(0) =0

In Laplace domain :

SX+1-6X+3y = 2B
sY —2X - Y A
(s—6)X +3yY = ==t
4
X4 (s-1)Y = A
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Example 6 (cont.)

(s—6)X+3Y = =9
—2X+(s—1)Y = A

In matrix notation:

AL

fay

—s+7 2
Xe——t0 vy 2
(s—1)(s—4) (s —1)(s—4)
-2 2
o x(t) = —2et + e*t) y(t) = ?et + §e4t
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Partial Fractions Decomposition

[The Laplace Transform: Theory and Applications, Joel L. Schiff]

Consider quotient of two polynomials

P(s)
Q(s)
where the degree of Q is greater than that of P, and P and @ do

not have common factors. Then F can be expressed as a finite sum
of partial fractions.

F(s) =

11/15



(i) For each factor of the form as + b of Q, there corresponds a
partial fraction of the form

A
as+b

where A is a constant.

(ii) For each repeated factor of the form (as + b)" of Q there
corresponds a partial fraction of the form
A1 Az An-1 An
as+b * (as + b)? o (as + b)"—1 * (as+ b)"

where A1, A, ..., A, are constants.

12/15



(iii) For every factor of the form as® + bs + ¢ of Q there
corresponds a partial fraction of the form

As+ B
as2 + bs + ¢

where A and B are constants.

(iv) For every repeated factor of the form (as® + bs + ¢)" of @
there corresponds a partial fraction of the form

A]_S + Bl A25 + Bz An,1$ + anl AnS + Bn

as2 + bs+c  (as2+bs+ )2 (as?+ bs+c)" 1 (as? + bs+ c)"

where A1, Az, ..., Apn, By, Bo, ..., B, are constants.
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Example 7

52 _A1+A2+A3+A4
(s+2)(s+3)(s+7)* s+2 s+3 s+7 (s+7)2

P S,
GG+73 (st 7)°

Example 8
4s . A Bis+ By
(s+4)(s2+3s+7)3 s+4 (s2+3s5+7)
Bss + By Bss + Bs

(s24+35+7)2 (s2+3s+7)3
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