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Duration: 60 minutes; Directions: All answers must be written below the respective questions. Anything
written elsewhere won’t be graded.

Question 1.

Solve the Riccati differential equation

g=(y—x)’+1, y(0) =05

given that one of its solution is y1(z) = x.
Using change of variables y =v+x — ¢y =0+ 1 leads to

v4+1=@w+z—2)>+1—0=1% Bernouilli diff. eqn.
M =wl = =1

1
— Y= +x
c—x c—x

v=wl2 0= —ww— —w"

w=-—-Tr+c—>v=

Thus, y = x and y = ﬁ + x are solutions to the Riccati equation. The solution y = x does not satisfy the
d.e., so we use the other one

1 1
y(x) = +2x—=05=——=+0—=c=2
c—x c—0

The solution is therefore

y(a) =g—+z

Question 2.

Find a particular solution of

N

22— 20y + 2y = e
given that the corresponding homogeneous equation
22 — 227 + 2y = 0

has solutions x and z2.
The solution has the form

2
Yp = UIX + UX

with U + Uex?® = 0....(x) Substitute this in the given equation:

[}

22 (g + 2ug + 221s) — 2x(uy + 22us) + 2(ur + usa?) =

. . 9 . . 5
Uw? + 2230y = 22— Uy + 220 = 2. (k%)

[N

Equation (*) implies 11 = —tgx. Substitute this into Equation (**): g = x2. This leads to 1, = —x5.
Last two expressions yield

7 2 5
2 and u2:gx2

2
UL = —=
1 733
Thus

2 2 s
Yp = UIT + upr? = —?x%m + 53:51‘2 =

(M=)

x

&=




Question 3.

[20 pts.] Sketch the phase portrait of

BRI

In particular, on the phase portrait show the trajectories corresponding to the initial conditions
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Use arrows to indicate the trajectory directions. Also, trajectories must exhibit the directions of their slow
and fast changes.
Ans.

b,

b

057

Good Luck
A. Karamancioglu



