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Notation

.odx . .
S first derivative of x with respect to t
. d’x o .
ol second derivative of x with respect to t
d"x — .
x("), e n-th derivative of x with respect to t
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Let f be a function of u and v.

of . A .
fu, 9 partial derivative of f with respect to u
u
of . N .
fv, v partial derivative of f with respect to v
v
Example 1

df
fF(xX)=x3+2x = — =3x*+2
(x) = x> +2x I 3x° +

f is the dependent variable, and x is the independent variable.
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Definitions and classifications

Definition 1

An equation involving derivatives of one or more dependent
variables with respect to one or more independent variables is called
a differential equation.

A differential equation involving ordinary derivatives of one or more
dependent variables with respect to a single independent variable is
called an ordinary differential equation.

A differential equation involving partial derivatives of one or more
dependent variables with respect to a more than one independent
variable is called a partial differential equation.
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Example 2

d?y dy

ﬁ‘*‘x)/(a)z = 0 (1)
CC/;:(+5CZ;;<+3X = sint (2)

?;+?; = v (3)
Fu Tu Py @

ﬁ+ Oy? + 022

The first and second differential equations are ordinary, the third
and fourth differential equations are partial differential equations.
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Definition 2
The order of the highest ordered derivative involved in a differential
equation is called the order of the differential equation.

d’y dy
a2 T X}’(g)Q =0 (5)
d* d? :
d—tff+5d—t;<+3x = sint (6)
ov n ov ()
LTy,
Js Ot
2 2 2
0°u 0°u 0°u _ 9 (8)

W+ Oy? + 022

In the example the first is second order, the second is fourth order,
the third is first order, the fourth is second order differential
equations.
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Definition 3

A linear ordinary differential equation of order n, in the dependent
variable y and the independent variable x, is an equation that is in,
or can be expressed in, the form

dn dn—l d2 dy
ao(x )d ,,+a1( )d — 1+ Aan—o(x )d 2+3n 1(x )dx+an(x)y:b(x)

where ag is not identically zero.

A function of x does not contain a dependent variable. Examples:
Functions of x: x2,sin(x),x +1,5,0

Not functions of x: y, 3y, y?, %, (dy) X+ y,xy

Definition 4

A nonlinear ordinary differential equation is an ordinary differential
equation that is not linear.

8/676



Example 3

0... Linear
xe* ... Linear
0... Nonlinear

0... Nonlinear

0... Nonlinear

0... Nonlinear

0... Nonlinear

0...Nonlinear

(12)

(13)
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Normal Form

Definition 5
The normal form of a system of n differential equations in n
unknown functions xi, X2, ..., X,, is in the following form:
d
% - ﬂ(X17X2) <oy Xn, t)
d
% — f2(X17X27 <oy Xn,y t)
: (14)
dxn _
g = fo(xi, X2, ... Xn, t)
Example 4
x1 = x4+ 3X1X22 + xit
X2 = x3+sinxg + t2
X3 = Xixo+ X2X§
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Normal Form of a Linear System

Definition 6
The normal form of a linear system of n differential equations in n
unknown functions xi, X2, ..., X,, is in the following form:

% = aj1(t)x1 + awz2(t)xa + - - - + arn(t)xn + F1(t)

% = ap1(t)x1 + ax2(t)x2 + - - - + azn(t)xn + F2(t) i~

o = a1 (t)x1 + ana(t)x2 + -+ + ann(t)xn + Fa(t)

Example 5
X1 = 2bq +3x +4x3 + t2
X2 = x1+6x3+ %
x3 = 3t2x; + (4+ t)x + (t + t?)x3
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A single n-th order linear differential equation can be converted into
a normal form. Consider

d"x +an(t) dn1x +an(t) dn2x n
dtn a1 dtn—1 2 dtn—2

d?x

i +an(t)x=F(t)  (16)

Fana()

. _|_ an_2( ) dt
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d"x +ai(t) d"1x +an(t) d"2x
a a
dgn T g1 TR gyn—2
Xn Xn—1
d?x Ix
+ an_2(t) F+ n_l(t) E —|—a,,(t) X = F(t)
X3 X2 Xl
Notice that
)'<,':X,'+1 i:].,...,n—l
and

Xp + a1(t)xn + a2(t)Xn—1 + ... + an—1(t)x2 + an(t)x1 = F(t)

Xp = —an(t)xi—ap—1(t)xo—...—as(t)xp—2—az(t)xp—1—a1(t)x,+F(t)
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Using these definitions, the normal form equivalent of (16) is

dxy

dt

dxo

dt

dxp—1

dt
dxp

dt

+a,,,2(t) —_—

:X2

X3

_ —nan(t)Xl — an_1(t)X2 — e = 32(t)Xn_1 — al(t)xn + F(t)

X3

X2

X1
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Example 6

d*x
—F +e

dtt

Using these definitions, the normal form equivalent of the above

equation is

dxy

dt

dxa

dt

dx3

dt

dxa

dt

2t

X2
X3

X4

d3 dx 2 .

dt dt (24 t%) x =t’sint
X1

X4 X2

—(2+ t2)xq — Txo — €%txq + t2sint
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Solution of a differential equation
Definition 7
Consider the n-th order ordinary differential equation
dy &y dy
7.y7 dX’ dX27"'7an

Flx ]=0 (17)
A solution of an ordinary differential equation (17) on interval / is a
real function that satisfies the differential equation on the interval /.

Example 7

Py Lo Py
+yﬁ+3x —i-ﬁsmx:o

F[X dy d2y d3y

7}’757‘1)77“3

dy
dx

*. Solution is a real function.
-. Solution is defined on some interval /.
-. Solution satisfies the d.e. on /.

*. Solution does not contain integration or differentiation ir it. 16/676



A Solution Classification

Explicit Solutions and Implicit Solutions:

Explicit solution is a real function f defined on interval I such
that it satisfies the ordinary differential equation on interval | when
f is substituted for the dependent variable.

A relation g(x,y) = 0 is called an implicit solution of the ordinary
differential equation on [ if this relation defines at least one real
function f of x on [ such that this function is an explicit solution of
(17) on this interval.

Both explicit and implicit solutions are called solutions.
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Example 8
A function defined for all real x by

f(x) = 2sinx + 3cosx
is an explicit solution of the differential equation

d2y
a7 -0
dx? Ty

for all real x. First note that f is defined and has a second
derivative on the entire real interval. Next observe that

f'(x) =2cosx —3sinx, f"(x)=—2sinx — 3cosx
Substituting them in the differential equation we obtain
(—2sinx — 3 cosx) + (2sinx + 3 cosx) =0

which holds for all real x. Thus the function f is an explicit
solution of the differential equation.
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The differential equation

is satisfied by the function
f(x) = 3icos x

for all real x. However, in our context, we do not call it a solution;
because we require a solution to be real.
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Example 9
Consider the differential equation

dy
= _9oy =
de y =0

The function f(x) = x? on the interval | = (—00,c0) is an explicit
solution to the d.e. above. Substitute in the d.e.;

xf'(x) —2f(x) =x-2x —2-x*> =0

for all x € I. Thus f is an explicit solution to the d.e. on the
interval /.

Example 10

Is f(x) = eX — x on the interval | = (—o0, c0) a solution to
d
d—§+y2:ezx+(1—2x)ex—|—x2—1
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Example 11
Consider the differential equation

d?y
2
— =2y =0
e
and the solution candidate f(x) = x> — x~! on the interval
I = (0, c0).
Note that f/(x) = 2x + x 2 and f”(x) = 2 — 2x~3. Substitute
them in the d.e.:

X2 (2- 2X_3) - 2(X2 - X_l) =0

for all x on the interval /. It can be shown that this function is also
a solution to the differential equation on the interval (—o0,0).
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Example 12

The relation
x?4+y?—25=0

is an implicit solution of the differential equation
dy
e A—'
xX+y o

on the interval | defined by —5 < x < 5. It defines two functions

fi(x) =v25—x?

and

fa(x) = —V/25 — x2

for all real x on /. It can easily be shown that each of these
functions is an explicit solution for the differential equation on /.
Note that if one of them is an explicit solution for the differential
equation on /, it suffices for being an implicit solution.
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X+y$:0

Example 12 (cont.)

It can easily be shown that each of the functions f; and £ is an
explicit solution for the differential equation on /. Note that if one
of them is an explicit solution for the differential equation on

I : —5 < x < 5 it suffices for being an implicit solution. Indeed, at
least one of them satisfies the differential equation. For instance,

substitute £ for y:
dy

[x +deL_ﬁ 0

—2x B
225 — x2
Because the d.e. is satisfied by at least one of f; and £, the
relation x? + y? — 25 = 0 is an implicit solution for the d.e.

x4+ 125 — x2 . x—x=0
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Example 13

Consider the d.e. J )
y
e AT
dx + 2y
The relation y? + x — 3 = 0 on the interval (—00,3) is an implicit

solution to the d.e. above. Differentiate throughout:
d
oy Y y1=0
dx

dy 1
AR
dx+2y

Solution generated the d.e.! Thus the relation y?> + x —3 =0 on
the interval (—o0, 3) is an implicit solution to the given d.e.
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Example 14

Consider the relation xy3 — xy3sinx = 1 and solve it for y for later
use:

1

xy3(1—sinx) =1y = X0 —sinx)

Ly= [X(l—lsmx)]é — (1 —sinx)] *

Differentiate this:

dy 1 . —4 .

x= "3 [x(1 —sinx)]3 [x(—cosx)+ (1 —sinx)]
_ xcosx+sinx—1  xcosx+sinx —1 1
O3kl —sinx)]5 3T =sinxX)] [x(1 —sinx)]3

_ xcosx +sinx —1
T 3k —sinx)] 7
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Example 14 (cont.)

3 X3Sinx_1ﬁﬂ_xcosx+sinx—l
Y SXE e T T3 [x(L — sinx)]

Thus the relation
xy® — xydsinx =1

is an implicit solution to the d.e.

Q _ xcosx +sinx —1
dx  3[x(1 —sinx)]
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Initial value problems

Problem Find a solution of the differential equation

dy _

=2 1
B 2% (18)

such that at x = 1 this solution equals 4.
Equivalently Solve

dy _

- 1) = 4
™ , y(1)
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dy
dx
The solution y(x) = x? + c satisfies (18) for an arbitrary constant
c.
The other condition y(1) = 4 implies

2x (cf. 18)

y(x) = X2 +c
4 12

That is, 4 = 1? 4 c implies ¢ = 3. Thus initial value problem has
the solution

y(x)=x*+3

The condition in addition to the differential equation (18) is called
boundary condition. If the boundary conditions relate to one x
value, the problem is called the initial value problem. If the
conditions relate to two different x values, the problem is called a
(two point) boundary value problem.
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Example 15

d?y
— =0, 1)=3, y'(1)= -4
5z Y (1) ¥ (1)
Since the boundary conditions are given at one x value the problem

is an initial value problem.

Example 16

d?y
52 Ty =0 y(0)=1 52
Boundary conditions are given at two different x values; the

problem is a boundary value problem.
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Existence of a unique solution

Theorem 1
Consider the differential equation

Y fxy). yix0) =0 (19)

dx
where
1) the function f is a continuous function of x and y in some
domain D of xy-plane, and
2) the partial derivative g—; is also a continuous function of x and y
in D; and
3) let (x0, o) be a point in D. Then there exists a unique solution
of the differential equation (19) defined on some interval
|x — xo| < h where h is sufficiently small.
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Theorem 1 (cont.)

Then there exists a unique solution of the differential equation (19)
defined on some interval |x — xo| < h where h is sufficiently small.

vi{x)
= - x
OI Xo-h xo )(0+h

Note that this is a sufficiency theorem. A — B does not mean A is
necessary for B to hold true.
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Example 17
Consider the initial value problem

dy o >

=~ _ 1) =3
o =< Ty ()
Let us apply the existence theorem where
f(x,y) = x>+ y?, g—; = 2y. Both functions f and g—; are
continuous in every domain D of the xy-plane. The point (1,3) is
in the domain D.
Thus the differential equation has a unique solution defined in the
neighborhood of x = 1.
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A first order linear differential equation in the form

dy

o TPy = 8(x); y(x0) = yo

is a special case of the one we considered:

dy

dx = f(Xay)v y(XO) =Y

Example 18
Consider

(> — 9)y + 2y = In |20 — 4t|, y(4) = —3

In the standard form:

. 2 In |20 — 4t|
Y= =9 T (12 —9)

y(4) =3

(cf. 19)
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Example 18 (cont.)
comparing to the expression
dy

i f(x,y), y(x)=yo (cf. 19)

we have
fey) = 2 Inf20 4]
VT ey T (2 2)
f has discontinuities at t = —3,+3,5. Discontinuities of g—; are at

t = —3,43. The continuous interval of y is (—o0, c0), and
continuous intervals of t are

(=00, —3),(-3,3),(3,5), (5,0)
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Example 18 (cont.)

D, I,

The first two hypotheses of the theorem are satisfied by the
following domains:
(—OO, _3) X (—OO, OO), (_37 3) X (—OO, OO),

v/ v
-~

D D>
\(3,5) X (—00,00), (5,00) X (—00, 00)

~
~~ ~~

Ds Dy
The initial condition y(4) = —3, corresponding to the pair (4, —3)
in the third hypothesis, is in the domain Dj.
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Example 18 (cont.)

v
S 3

-3

[=]

Thus, the differential equation
(t2 — 9)y +2y = In|20 — 4t|, y(4) = -3

satisfies the hypotheses of the existence and uniqueness theorem in
domain D3. Therefore, it has a unique solution defined for

|t — 4| < h for some h.

We will see in the sequel that the sufficient existence conditions are
simpler for the linear differential equations.
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Exercise

1) Show that y(x) = 4e?* + 2e~3% is a solution of the initial value

problem
Ly W 60 y0) =6, y(0) =2
dx2 | dx y y y =
2) Do the following problems have unique solutions?
a)
d
d—i =x%siny, y(1) = -2
b)
dy ¥
A 1) =0
oo H4 €Y

37/676



Exact differential equations

The first order differential equations to be studied may be
expressed in either the derivative form

dy

2 _f
™ (x,¥)

or the differential form
M(x,y)dx + N(x,y)dy =0

An equation in one of these forms may readily be written in the

other form. For example
dy x? 4+ y?
dx  x—y

& (P +y)dx+ (y —x)dy =0

_ B dy  sin(x)+y
(S|n(X)+y)dX+(X+3y)dy—0H a = W
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Definition 8

Let F be a function of two real variables such that F has
continuous first order partial derivatives in a domain D. The total
differential dF of the function F is defined by the formula

OF (x,y)
dy

OF(x,
dF(x.y) = T

dx + dy

for all (x,y) € D.

Example 19

Consider
F(x,y) = xy? 4+ 2x%y

for all real (x,y). Then

dF(x,y) = (y? + 6x%y)dx + (2xy + 2x3)dy
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Definition 9
The expression
M(x,y)dx + N(x, y)dy (20)

is called exact differential in a domain D if there exists a function
F of two variables such that this expression equals the total
differential dF(x,y) for all (x,y) € D. That is the expression (20)
is an exact differential in D if there exists a function F such that
OF OF
D2 — M(x,y) and 200 — WG,y
for all (x,y) € D.
If M(x,y)dx + N(x,y)dy is an exact differential then
M(x,y)dx + N(x,y)dy = 0 is called an exact differential equation.
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Example 20
The differential equation

y2dx + 2xydy =0

is an exact differential equation since y?dx + 2xydy is an exact
differential. Consider F(x,y) = xy? :

8F(X7y) 2 aF(X’Y)
0

= y° and = 2xy

Ox
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Test for exactness

Theorem 2
Consider the differential equation

M(x, y)dx + N(x,y)dy =0 (21)

where M and N have continuous first partial derivatives at all
points (x, y) in a rectangular domain D.
Exactness of the differential equation (21 ) in D is equivalent to

OM(x,y)  ON(x,y)
dy  Ox

for all (x,y) € D
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Example 21

Is the following d.e. exact?
(y? — 2x)dx + (2xy + 1)dy = 0
Yes, because

om_, on
dy
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Justification of exactness test

Exactness of M(x,y)dx + N(x,y)dy = 0 implies

OF(x,y)
Ox

OF (x,y)
Oy

= M(x,y); = N(x,y)

for some F(x, y). Because order in differentiation does not matter,

the rhs can be written as

OPF(x.y) _ OM(x,y) 9*F(x.y) _ ON(x,y)
Ox0y dy ' Oyox Ox

This leads to
IM(x,y)  ON(x,y)

dy Ox

which is the exactness condition.
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Theorem 3
Suppose the differential equation M(x,y)dx + N(x,y)dy =0 is
exact in a rectangular domain D. Then a one parameter family of
solutions of this differential equation is given by F(x,y) = ¢ where
F is a function such that

OF(x,y)

Ox

= M(x,y) and aFg;y) = N(x,y)

for all (x,y) € D and c is an arbitrary constant.
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Justification

Thus,
IF(x,y) OF(x,y) ,
o dx + 5 dy =0
is the same as
dF(x,y) =0
which is possible if
F(x,y)=c

where c is an arbitrary constant. Namely

dx + OF (x,y)
Oy

OF (x,y)
15)

X

dy=0— F(x,y)=c
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Example 22

(3x% 4 4xy)dx + (2x® + 2y)dy = 0

is exact since

OM(x,y) _, _ ON(x,y)

Oy Ox
for all real (x,y). Thus we must find F such that
OF (x,y)
Jy

Property1 Property?2

OF(x,y)

=2x%>+2
Ox Xty

= 3x2 + 4xy and

First property implies
F(x,y) = /(3x2 + 4xy)0x + ¢(y)

= x>+ 2%y + ¢(y)
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Example 22 (cont.)

F(x,y) = x> +2x%y + ¢(y) (by Property 1)
Oy dy
But 2nd property requires
M — N(X,y) — 2X2 _|_2y
dy
Thus J
2x% 4+ 2y = 2x* + doly)
dy
i do(y)
2y:Ty—>¢(y)=y2+Co
y
Hence

F(x,y) = x> +2x°y + y* + o
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Example 22 (cont.)
F(x,y) =x3+2x%y + y? +
One parameter family of solutions:
x3—|—2x2y—|—y2—i—cozc1

or
B4+ 2x%y+y?=c

For a verification, compare total differentials of both sides:

d(x® +2x%y + y?) = d(c)

(3x% + 4xy)dx + (2x* +2y)dy = 0

We obtained the original equation; thus solution is verified.
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Example 22 (cont.)

For another verification way, write the given differential equation in
derivative form:
dy 3x% + 4xy
3x2 4 4xy)dx + (2x2 +2y)dy =0 — 2 = 2~ T
(3x“ + 4xy)dx + (2x° + 2y)dy I 22 12y
Solve the implicit solution x3 4 2x%y + y? = ¢ for y to generate an
explicit solution:

2 3 _
Yy +2x y+x—c=0
C

oy}

2 B —B 2 2 4
YyABy+C=0—yio=——%/|—| —C=—xEVx*-x3+¢

One can show that at least one of y; » satisfies the given differential
equation; this is another verification of that the solution is correct.
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Example 23
Solve the initial value problem

(2x cosy + 3x°y)dx + (x* — x?siny — y)dy =0, y(0) =2

The equation is exact:

M
E?({g;,y) = —2xsiny + 3x% = O

for all real (x,y). We must find F such that

OF(x.y) = M(x,y) = 2xcosy + 3x%y
Ox
aFg;y) = N(x,y) =x> - x*siny — y

ON(x,y)

(P1)

(P2)
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OF (x,y)
ox
OF (x,y)

T:N(X,y):x3—x2siny—y

Example 23 (cont.)

= M(x,y) = 2xcosy + 3x%y

P1 implies

F(x,y) = / (2xcosy + 3x%y)Ox + d(y) = x> cosy + Xy + ¢(y)

OF(x,y) —x3 — xsiny + do(y)

Oy dy

However, P2 implies

aF(va) :X3—x25iny—y
dy

The %);’y) terms implied by P1 and P2 must be equal:

(22)
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Example 23 (cont.)

The 8F(X’y) terms implied by P1 and P2 must be equal:
x3—x25iny+M =x3—x%siny —y
dy
d
L doly) _
dy

2

— d(y) = —%JFCO

Recall that P1 has implied F(x,y) which depends on an arbitrary
function of y:

F(x,y) = x*cosy + x*y + é(y) (22)
Because ¢(y) is resolved, we can write
F(x,y) =x*cosy +x3y — y?/2 + q
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Example 23 (cont.)
Family of solutions:

F(x,y)=ca —>x2cosy+x3y—y2/2+co =q

y2
x2cosy+x3y—7:c

Apply the initial conditions: y =2 at x = 0.
2

2
02><c052—|—03><2—§:c

We find ¢ = —2. Thus the solution is:

x2cosy—|—x3y——:—2

2
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Example 24
Consider the differential equation

(3x2y3 — 5xH)dx + (y + 3x3y?)dy = 0 (23)
We have
M(x,y) = 3x%y® — 5x*, N(x,y) =y + 3x3y?
Test for exactness:

OM(x,y) a2 ON(x,y)
oy XY= o

The d.e. is exact!
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(3x%y>® — 5x*)dx + (y + 3x3y?)dy = 0 (cf. 23)

Example 24 (cont.)

F(x,y) = / M(x,y)0x = /(3X2y3 —5xM)ox = X3y — x® + ¢(y)

Next we are going to find ¢(y):

OF(xy) _ 3532 2
o =y +33%y do _ y

OF — =y—=oy)="%5 +a
é;,y) = 3x3y2 + Zﬁ dy 2

Let us put ¢ in place: F(x,y) = x>y — x>+ }’2—2 +q
The solution is therefore
2

X3y3_X5+%:C
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(3x%y>® — Bx*)dx + (y + 3x3y?)dy = 0 (cf. 23)
2
><3y3 — x>+ Y - c
2
Example 24 (cont.)

A verification
Total diferentiate both sides of the solution:

2

d(x3y3 — x5 + y?) = d(c)

(3x%y® — 5xH)dx + (y + 3x3y?*)dy = 0

A successful verification!
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Integrating factors
If the differential equation
M(x,y)dx + N(x,y)dy =0 (24)
is not exact in a domain D but the differential equation
p(x, y)M(x, y)dx + u(x, y)N(x, y)dy = 0

is exact in D, then u(x,y) is called an integrating factor of the
differential equation (24).

Example 25

(3y + 4xy?)dx + (2x + 3x%y)dy = 0

is not exact. u(x,y) = x?y works as an integrating factor for this
equation.
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Multiplication of a nonexact differential equation by an integrating
factor thus transforms the nonexact equation into an exact one.
We refer to this resulting exact equation as essentially equivalent to
the original. This essentially equivalent exact equation has the
same one parameter family of solutions as the nonexact original.
However, the multiplication of the original equation by the
integrating factor may result in either

1) the loss of one or more solutions of the original, or

2) the gain of one or more functions which are solutions of the new
equation but not of the original, or

3) both of these phenomena.

We should check to determine whether any solutions may have
been lost or gained.
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Exercises

Check whether the following are exact or not. If exact, solve them.

(3x+2y)dx+ (2x + y)dy =0
(y? +3)dx + (2xy — 4)dy = 0
(2xy + 1)dx + (x> + 4y)dy =0
Solve the initial value problem
(2xy — 3)dx + (x® + 4y)dy =0, y(1) =2

(3x2y2 — y3 4 2x)dx + (2x3y —3xy% + 1)dy =0, y(-2)=1
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Separable differential equations

Definition 10
An equation of the form

F(x)G(y)dx + f(x)g(y)dy =0

is called a separable equation.
Multiply (25) by the integrating factor m:

F(x) gly) ,
0> TG ="

(25)

(26)
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Multiply (25) by the integrating factor

F(x) gly) . _ c
f(X)dx—i—G(y)dy—O (cf. 26)

This equation is exact since

o(#3) _,_2(&))

oy Ox

Denoting £&X) by M(x) and g( ) by N(y), Equation (26) takes the
; & 7 G(y)
orm

A

M(x)dx + N(y)dy =0

Since M is function of x only, and N is function of y only, a one
parameter family of solutions is

/MM&+/M”W:

where c is the arbitrary constant.
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F(x)G(y)dx + f(x)g(y)dy =0 (cf. 25)
Consider the original equation (25) in the following form:

dy
f(x)gly) 4 + F(x)G(y) =0 (27)
If there exists a real number y = yg such that G(yp) = 0 then (27)

reduces to J
y
f(x =0
(e
which has a constant solution y = yy. We next should investigate
whether the constant solution y = y, of the original equation is lost
or not in the process of multiplying by the integrating factor.
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Example 26

(x — &)y*dx — x3(y? —=3)dy =0

The equation above is separable.

Multiply throughout by the integrating factor —:

X3_y

dx — dy =0

x—4 y2 -3
3 4

or
(x2 —4x3)dx — (y 2 -3y ")dy =0

Integrating we obtain the solutions

-1 2 1 1
3

+72+* =C
X X y y

where c is any arbitrary constant.
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Original equation C (x—4)y*dx — x3(y2 - 3)dy =0
Essentially equivalent equation XX—_34d — X 3dy =0

Soln. of essentially equiv. d.e. e e
Example 26 (cont.)
In multiplying by the integrating factor m = )(317 in the

separation process, we assumed that x> # 0 and y* # 0. We now
consider the solution y = 0 of G(y) = y* = 0. It is not a member
of the one parameter family of solutions which we obtained.
However, writing the original differential equation of the problem in
the derivative form

dy _ (x—4)y*

dx  x3(y2 —3)

it is obvious that y = 0 is a solution of the original equation. We
conclude that it is a solution which was lost in the separation
process.
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Example 27

Consider
dy 1+cost

dt 1+ 3y2

We can write it as
(1 +3y?)dy = (1 + cos t)dt
Integrating throughout yields the solution:

y+y}=t+sint+c
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Example 28

Consider
dy 14 2¢2

a7 ¢

, y(1)=2

dy _  142#2
: dt

We can write it as 3=
d 1+ 2¢2
y:—/ R
y

t

d
y:—/m—/mm
y t

Iny = —In(t) —t? + ¢

Cnt—g2 _ 2 A _»
y=e Int—t+c _ e In te t e = e t
VA t

At t =1 we have y = 2. So, 2 = Ae~1 — A =2¢el. Therefore, the

solution is .
2e 2
y(t) = et = felftz
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Homogeneous differential equations

The first order differential equation
M(x, y)dx + N(x,y)dy =0
is said to be homogeneous if, when written in derivative form

dy
a—f(x,_}/)

there exists a function g such that f(x, y) can be expressed in the
form g(v) where v =%
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Example 29
The differential equation

(x* — 3y?)dx + 2xydy = 0
is homogeneous. This equation can be written as

dy 3y?—x> 3
_—— — = =V — — —
dx 2xy 2 2 v

where v ;=

X I<
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A function F is called homogeneous of degree n if
F(tx, ty) = t"F(x,y).

Theorem 4
If

M(x, y)dx + N(x,y)dy =0 (28)

is a homogeneous equation, then the change of variables y = vx
transforms (28) into a separable equation in the variables v and x.
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Proof

Homogeneity implies % = g(%) for some g. Let y = vx, then

dy dv dv
&—v—|—x$—>v—l—xa—g(v)—>[v—g(v)]dx—|—xdv—0
Lk

v—g(v) x

Integrate throughout:

[ ]S

where c is an arbitrary constant. Define F(v) = J V_‘il’(v) then the

solution of the original equation is

Yy
F(Z)+In|x| =
(X)+nlx| = ¢
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Example 30
Consider the differential equation

(x? — 3y?)dx + 2xydy = 0

We have already seen that this is homogeneous. Write this in the

form
d/ —x 3y -1 3
_— = = — —|— —V
dx 2y 2x 2v 2

Transform y = vx results % =v+ x%, so we have
n dv -1 3v . 2v d dx
vVt x—=— v=—
dx 2v 2 vZi—1 X
Integration gives:
In[v2 — 1] =1In|x| +In|c| = In|v? = 1] = In|x||c|
%
— ]v2—1| = |ex| — ]—2—1|:|cx|
X

72/676



Example 30 (cont.)
In the previous page we had

Injv? — 1] =1In|x| +In|c| = In|v® — 1| = In|x]||c|

2
— ]v2—1| = |ex| — ]y—2—1| = |ex|
X
Now let us write the arbitrary constant as c:
Injv? =1 =In|x| +c
N eln\v2—1| — e|n|x|+c
- V-1 = enlxlge

2
y c
S 1=
|x2 | x
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Example 31
Consider the differential equation

dy  y(x—vy)

Z _ 7\ 7] 2

dx x2 (29)
This can be written as

dy 'y |y

i

dx  x X
It is homogeneous! Using the transformation v = £:

+x2 2
v X— =V —V
dx
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v —|—xa =Vv-—-yvVv
Example 31 (cont.)
v 5
dx
1 1
—72dV = —dx
v X

1 1
/—2dV_/dX
v X

1 1 1
—=Inx+c— —=Inx+Ink— — =Inkx
v v v

1 _>y 1
vV = —_ =
In kx X In kx
X
y:

In kx
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Linear differential equations

Definition 11
A first order ordinary differential equation is linear in the dependent
variable y and the independent variable x if it is, or can be, written
in the form
Yt Py = Q) (30)
dx
Note that:
If P(x) =0, then direct integration gives the solution:
y(x) = [ Q(x)dx
If Q(x) =0, then the equation is separable.
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% + P(x)y = Q(x) (cf. 30)

Equation above can be written in the form
[P(x)y = Q(x)]dx + dy =0 (31)

This has the form M(x, y)dx + N(x,y)dy = 0. Lets check the
exactness: 8M( ) 8N( )
X,y X,y
_— = P —_— =
dy (x) and O 0
Equation (31) is not exact unless P(x) = 0, in which case Equation
(30) becomes trivially simple. Let us proceed with the general case

P(x) # 0.
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[P(x)y — Q(x)]dx +dy =0 (cf. 31)
Multiply equation (31) by u(x) to obtain
[(x)P(x)y — p(x)Q(x)]dx + u(x)dy = 0
Now the equation is exact iff:

Op(x)P(x)y — p(x)Q(X)] _ du(x)

Ay Ox

This condition reduces to

dpu(x)

pl)P(x) = 2
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dx
This can be written as a differential equation

dr _ P(x)dx
—Inju| = / P(x)dx

— = efP(x)dX

where it is clear that 1 > 0.
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Thus

M — ef P(X)dX (32)
is the integrating factor for (30).
Recall J
=+ P(x)y = Q(x) (cf. 30)

Multiply (30) throughout by the integrating factor:
ef P(x)dx% + ef P(x)de(X)y _ ef P(X)dXQ(X) (33)
This is equivalent to

%[ef P(X)de] _ ef P(X)dXQ(X) (34)
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% [ef PRI | — of PO () (cf. 34)

This results in

ef PO, _ /ef PO Q(x)dx + ¢ (35)

y = e_fP(x)dX[/ ef P(X)dXQ(x)dX + C] (36)
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Example 32

dy 2x+1 oy
= 37
T v=e (37)

Here P(x) = 2t and the integrating factor is

2x+1
ef 2 dx e.2x+ln|x| — e2xgln 2x

X = xe
Multiply (37) by the integrating factor

d 2 1
xex Y + xe?X X+
dx

or
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d X
&(X62 y)=x

Example 32 (cont.)
Integrate throughout
2
xe>y = X? +c

_ox X c _
y=e 2X—+—e 2x
2 X

where c is arbitrary constant.
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In the last example we calculated the integrating factor as

2x+1
ef Tldx _ e2><—i-|n|><\ — @2xgln 2x

Xl = xe
We could have calculated as
ef 2l e2x+in [x|+c _ . 2x In|x|ec é Kxe2X

= e e

for an arbitrary constant c.

Note that if 4 is an integrating factor then so is Ky for any

positive K € R.
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Consider the 1st order linear ordinary de

d

2 L P(x)y = Q(x) (cf. 30)

dx
where P(x) and Q(x) are continuous in a < x < b. It has been
shown that it has a solution by a construction. The closed form
solution constructed is

y(x) _ e—fP(x)dx[/ ef P(X)dXQ(X)dX—i- C]

If (30) comes with an initial condition y(xg) = yo, does it make this
solution unique? We discuss this, following an example where the
D.E. (30) comes with initial condition y(xp) = yo.
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Let the previous example together with the initial conditions be

d 2 1
dy | 2x+
dx X

y=e y(l)=2
Then the solution

X
2

is evaluated at the initial condition:

y(X) — e—2x + Ee—2x
X

Thus, the solution becomes

_ f2xi
y(X) =€ 2
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1
Is the solution y(x) = e™2*3 422 2 unique to the i.v.p.

d 2x+1
2y

—2x
= 1)=2
dx x 7 e ™ y(M)

Consider general 1st order ivp:

dy

21 Py = Q). ¥(x0) = o

Let us assume that we have two solutions y; and y» to the d.e.

above. If there is a unique solution to the de, then y; and y»
cannot be two different functions, they must be equal.
Consequently, if w is defined by w(x) := y1(x) — y2(x) for all
a < x < b, then w(x) =0 for all a < x < b.
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Y Py = Q). y(%) = 0

For this differential equation we defined w(x) := yi(x) — y2(x)
where y1 and y» are two solutions to the d.e. If there is a unique
solution to the de, then y; and y» cannot be two different
functions, they must be equal. This makes w = 0 for all a < x < b.
We will show that w(x) =0 for all a < x < b.
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— + P(x)y = Q(x), y(x0) = yo

We, below, show that w(x) satisfies the homogeneous part of the
1st order linear differential equation

dw *

G T PGIw =0 )

W) 4 P —y2) = [ %+ PO — |92+ PRy
= Q- Q)

Multiply both sides of (¥) by elo 7%,

ef)% P(s)dsdiw i efXXo P(s)ds
dx

(ef;; P(s)dsW(X)>/ o

P(x)w =0
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(efxz P(s)dsW(X))’ —0

S w(x) = Ce o Ple)es

Noting

w(x) = y1(x0) — y2(x0) = Yo — Y0 =0
implies C = 0. Thus
which implies

and
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Example 33

Solve the DE J
4 3
= = 2
de Y+ 2x
In the standard form, this d.e. is

d 1
—y—fy:2x2
X

Integrating factor is

_1 _ 1
ef cdx _omInx _ 2

X

Multiply the d.e. throughout by the integrating factor

- -y =2
xdx xx XX
1dy 1
=9
xdx  x? x

91/676



e A
xdx  x2? T
Example 33 (cont.)
d (1
“2y) =0
dx (Xy> x
Integrate both sides:
1

—y:x2—|—c
X

_ 3

y =X +cx

where ¢ is an arbitrary constant.
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Example 34

Solve the DE J
'y — .
" 5y —3

Ans.

y(x) = % + ce®

where c is an arbitrary constant.
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Bernouilli differential equations

Definition 12
An equation of the form

Y POy = Q)" (38)

is called a Bernouilli differential equation
Clearly, for n = 0 and n = 1, the equation is linear.
Theorem 5

Excluding the cases n =0 and n = 1, the transformation v =y
reduces the Bernouilli equation to a linear equation in v.

1—n
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Proof

Multiply the Bernouilli equation by y~" to obtain

& PGy = QY Y L PO T = QL) (39)

dx d
Let v = ylf", then
dv _,dy 1 adv _.dy
= (1= n=r @&,
dx ( n)y dx_>1—ndx y dx
Now the (39) becomes
1 dv
T o T PXxv=Q(K)
Y (1= mPR)v = (1 - mQx)
™ —n)P(x)v=(1—-n)Q(x

Letting P1(x) := (1 — n)P(x) and Q1(x) := (1 — n)Q(x) the
differential equation can be written as

d
(Ti P = Qu(x)

which is linear in v.
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Example 35

dy 2 55
ax x’ XY

Multiply the above Bernouilli d.e. by y—2:

dy o 2 2
A A
Transformation v = y1=" corresponds v = y~ !, and
% = —)% = —%y‘? Using the transformation the d.e. becomes:
dx x
or, equivalently,
dv 4 2 2
— 4+ —v=x
dx = x
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ﬂ + gv = x?
dx  x
Example 35 (cont.)

The first order d.e. has the solution

13 -2
v==-x"+4cx
5 +
Recalling v = y ! yields
_ 1
Y= X3 4 ox?

where ¢ is an arbitrary constant.
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Riccati differential equations

Definition 13
A Riccati differential equation is an ordinary differential equation
that has the form

d
2 = @)+ a(x)y + a(x)y’ (40)
Theorem 6

The Riccati equation can always be reduced to a second order
linear ODE.

Here we assume that g is nonzero, otherwise (40) is a linear
differential equation. We also assume that gg # 0, otherwise (40)
becomes a Bernouilli differential equation.
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dy _

dx qo(x) + q1(x)y + CI2(X)y2 (cf. 40)

Use the transform
V=Yg
then

o . oy )
V=ygtygp = (qo+q1y+qzy2)qz+V% = q0q2+(ql+%)V+V2
2

v=qoq + (q1 + ﬂ)v +v?
q2
Define Q@ := gogo and P := g1 + % we can write

v=1v?4 P(x)v+ Q(x)
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v=1v?4 P(x)v+ Q(x)
vZ—v=—P(x)v— Q(x)

Now use
V= ——
u
This implies
. i
== (CY = (i x ) =)+ G = () + 12
so that ]
Yo y— Q-pP=—q+P
u
= -Q+P
u
and hence

i—Pu+ Qu=0. Q.E.D.
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Y q00) + @y + () (cf. 40)

Theorem 7

If any solution u(x) of the Riccati equation (40) is known, then

substitution of y = u+ 1 will transform (40) into a linear 1st order
equation in z.

Proof If u is a solution of the Riccati equation then

du

= = 00() +a(x)u+ qa(x)u? (41)
The transform y = u + % implies
dy d 1 du 1 dz
Y = o = 42
dx dx(u z) dx  z2dx (42)
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dy

e = () +a(x)y + a2(x)y? (cf. 40)
dy d 1 du 1 dz
oA P e R N

Substitute y = u+ 1 and (42) in the Riccati equation (40):

%-z% = eu+)?+tal+)+a
= (@ +qu+q)+H(Fo+ 0+ 1a)

equals 2 by (41)

ldz _2u 11
Zdx  z RTpRTA

dz

g = 2uzq— @ - zq = —(2ue + @)z - a2

A linear 1st order differential equation in z!

(cf. 42)
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Example 36
Consider the Riccati equation
dy , 1
— = - = 43
o Ty =5 (43)
y = 1 is a particular solution to (43). We want to find the other
solution. Use the transform

1 1
y=—-+=
X z
then we have
, 71
y z2 X2

Substitute y and y’ in (43):

Z 1 1 1 11
2 T 2
zZ X X V4 X V4 X
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z' 1 1
_272_ 2+ +;:X(2+?+*
!

Z+z=—x
A 1st order linear de! lts solution is

z=1—x4+ce *

1

Noting that y = L + 1, the solution to (43) is

z

1 1
y=_+

x 1—x+4ce X

2
Xz

1
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Example 37
Consider the Riccati equation

d
x—y—3y+y2:4x2—4x

dx
Obviously u(x) = 2x is a particular solution of this differential
equation. From this we can obtain a 1st order linear differential

equation in z.
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Example 38
The Riccati equation

d 2
ANy =
dx X
has a particular solution u = % Let us find the other solution.Use
the transformation
2 1
y=—-+-
X z

This leads to
dy 2 1 dz

dx  x2  z2dx

Substitute in the de:

2 1dr 2+12_2
x2  Z2dx x z) x2
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2 ldz (2 1 22
x2  Z2dx x z) = x2

Example 38 (cont.)

1dz+ ZZZ+1+4 _%

x2  z2dx 2 22 xz ) A2

1dz+ 1+4 0—>dz 4 1

R — _— _ g _—— —Z =
z2 dx 72 xz dx x

This is a linear equation.lts solution is

z(x) = —g +ox*

Recalling the transformation y = % + % the solution we seek is

2 1

ST S
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Orthogonal trajectories

Let
F(x,y,c)=0 (44)

be a given one parameter family of curves in xy-plane. A curve that
intersects curves of the family (44) at right angles is called an
orthogonal trajectory of the given family.
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Example 39
Consider the family of curves x? + y? = c?. Each straight line
passing through the origin y = kx is an orthogonal trajectory of the

given family of circles.

Figure: Orthogonal trajectories for x> + y? = ¢
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How to find orthogonal trajectories

Step 1. Differentiate F(x,y, c) = 0 with respect to x to obtain

& fx,y) (45)

Step 2. Solutions of % = f(;,ly) are the orthogonal trajectories.
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Reasoning

Step 1. Differentiate F(x,y, c) = 0 with respect to x to obtain

dy

™ = f(x,y) (cf. 45)

Step 2. Solutions of dy = fix 1y) are the orthogonal trajectories.

In F(x, y, ¢) = 0 the slope of the curve passing through the point

(x,y)is d , which is f(x, y). However, the slope of the curves

passing through (x, y) having right angle to F(x,y,c) = 0 curves

are
) . : : :

Caution. In step 1 finding the differential equation (45) of the

given family, be sure to eliminate the parameter ¢ during the

process.
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Example 40
F(x,y,c) =0 is given by x?> + y? — c® = 0. Differentiation gives

dy dy —X

2 2y — = - = —
X + Y 0— X )
~~

f(x,y)

We are looking for the orthogonal trajectories, so we must solve

dy_ vy
dx X
<~
-1
f(x,y)
or
d dy d
Y _Y Y ny=Inxtink = lIny=Inkx — y = kx
dx x 3% X
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Example 41

Find the orthogonal trajectories of the family of parabolas y = cx?.
dy dy .y
2
y= dx \f/ X dx X
X2

Orthogonal trajectory finding requires solving % = 5—;‘

2

2ydy:—xdx—>y2:—X?—i—c—>xz—i—2y2:k2
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Example 42
(A proof of Pythagorean theorem) A line segment from origin to a
point (x, y) on circle has slope m; = £. Circle's slope m; at (x, y)

satisfies my x my = —1. Thus, circle’s slope at (x,y) is —3.
y
glope m,
lope m,
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Example 42 (cont.)
Knowing circle's slope at (x,y), its d. e. can be written as

dy X
_— —7’ O =
"y y(0)=c¢
Its solution is y? + x> = c2. Let the curve pass through the point
(a, b), then it satisfies the relationship a® + b?> = c2. This proves
the Pythagorean theorem for the right triangle with smaller side
lengths a and b, and hypothenuse c.
y

(a,b)
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Oblique trajectories

Definition 14
Let
F(x,y,c)=0 (46)

be a given one parameter family of curves in xy-plane. A curve that
intersects curves of the family (46) at a constant angle a # 900 is
called an oblique trajectory of the given family.

Differential equation corresponding to (46) is

dy

 — xy) (47)

116/676



Differential equation corresponding to (46) is

% =f(x,y) (cf. 47)
Then the curve of family (46) passing through the point (x,y) has
slope f(x, y) at this point, and its tangent line has angle of
inclination tan~![f(x, y)]. The tangent line of an oblique trajectory
that intersects this curve at the angle o will thus have an
inclination tan~![f(x, y)] + « at the point (x,y). Hence the slope
of the oblique trajectory is given by

f(x,y)+tana
— f(x,y)tan«

tan{tanfl[f(x,y)] +a} = I

Thus the differential equation of such a family of oblique
trajectories is given by

dy  f(x,y)+tana

= 48
dx 1—f(x,y)tana (48)
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Example 43
Find the family of oblique trajectories that intersect the family of
straight lines y = cx at angle 45°.

dy dy _y

=X = —=cCc— ==
y dx dx X

dy  f(x,y)+tana
dx 1—f(x,y)tana

(cf. 48)

use f(x,y) =% and tana = 1:

dy _ 3+l _x+ty
d«x 1-%1 x-—y

This is a homogeneous differential equation Let y = vx:

4 dv 14+v
V4 Xx— =
dx 1—v
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dv_1+v

YT T 1w
Example 43 (cont.)
After simplification
(v—1)dv  —dx
v 2+1  x
Integrating
1 2 -1
5 In(ve +1) —tan” *(v) = —In|x| — In|c]|
In(v? 4 1) — 2tan"}(v) = —2In|x| — 2In|c|
In(v® +1) —2tan"Y(v) = —In|x|? — In|c|?
Inc®x?(v? 4+ 1) —2tan"tv =0

Inc?(x® +y?) —2tan™* Y —o
X

119/676



More on the Existence and Uniqueness of the Solutions

Sufficient Conditions
Consider the first order d.e. in the form

y(x) =f(x,¥), y(x0) = yo (49)

Suppose that f(x,y) is continuous (Condition 1) with respect to
x and y in the region

{(x,y): 0 =0 <x<xo+d,y0—€<y<yp+ e} for some

d > 0,e¢ > 0. Then the diff. equation (49) has a solution defined
in a neighborhood of xg.

Suppose that both f(x,y) and g—; are continuous (Condition 2)
with respect to x and y in the region

{(x,y): x0—0 < x<xo+ 0,y —€<y<y+ e} for some

0 > 0,e > 0. Then the diff. eqn. (49) has a unique solution
defined in a neighborhood of xg.
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yo+e

yo—ef--

Xy — 0

{x,y): x0—6<x<xo+0,y—€<y<yy+e}
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Example 44

y=1+y? y(0)=0

Condition 1: f(x,y) = 1+ y? is continuous for all (x, y) on the
xy-plane. Therefore, there exists a solution for every initial
condition pair (xo, ¥0)

Condition 2: Besides f(x,y) = 1+ y2, the function % =2y is also
continuous for all (x, y) on the xy-plane. Therefore, there exists a
unique solution for every initial condition pair (xg, yo)

Indeed, by sepation of variables, the d.e. becomes

d
2=
y2+1

This d.e. has solutions in the form:

-1

tan” y = x4+ ¢ — y(x) = tan(x + ¢)

where c is arbitrary constant.
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Example 44 (cont.)

In the solution y(x) = tan(x + ¢) use the i.c. y(0) =0
0=tan(0+c) —» tan(c) =0 - c = 0,+m, £27,...

Noting that tan function is 7 periodic (i.e.,

tan(x) = tan(x + km), k = 0,+1,+2,...), choosing any of

0, £, +27, ... wouldn’'t make any difference. Choosing ¢ = 0, the
unique solution is, therefore,

y(x) = tan(x)

This solution is defined in the neighborhood of x = 0, more
specifically, this solution is defined in the interval —5 < x < 7.
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Example 45

y=x—y+1, y(1)=3

Condition 1: f(x,y) = x —y + 1 is continuous for all (x,y) on the
xy-plane. Therefore, there exists a solution for every initial
condition pair (xo, ¥o)

Condition 2: f(x,y) =x —y+1 and % = —1 are continuous for
all (x,y) on the xy-plane. Therefore, there is a unique solution for
every initial condition pair (xo, yo)

Indeed, the explicit solution

y(x)=x+ce™
with the i.c. y(1) = 3 yields
y(x) = x +2et7

shows this.
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Example 46

Consider
2

.2y _
y= x’y(XO) Yo

Condition 1: f(x,y) = 27)’ is continuous for (x,y) except x = 0.
.. There is a solution when x # 0. There is ambiguity when
(x,y) = (0,0). This will be resolved.

Condition 2: f(x,y) and %(x,y) = 2 are continuous when x # 0.

.. There is a unique solution when x # 0.
By separation of variables we obtain the solutions:

y(x) = o

where ¢ is arbitrary constant. There are infinitely many solutions!
All of them pass through (0,0).

No solution passes through (0, yo) with yo # 0.
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Example 46 (cont.)
By separation of variables we obtain the solutions:

y(x) = o

where c is arbitrary constant. There are infinitely many solutions!
All of the pass through (0,0).

No solution passes through (0, yo) with yp # 0.

Obviously there are solutions when x # 0. Besides, there are
solutions at x = 0, There are infinitely many solutions passing
through (0, 0).

There is a unique solutions when x £ 0, however, there is no
unique solution when x = 0.
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The existence and uniqueness theorem is a sufficiency theorem.
The following theorem enlarges the class of differential equations
having unique solutions.
Theorem Suppose f(x, y) is continuous in the open set S and is
locally Lipschitz in y in S. Let (xo,¥0) € S. Then, the initial value
problem

y= f(X,y), y(XO) = Y0

has a unique solution defined in an interval containing x.

Definition Let f(x, y) be a continuous function defined in the
open set S. We say that f is locally Lipschitz in y if for each
(x0,¥0) € S, there is a neighborhood U of (xp, yo) such that there
is a constant K > 0, called Lipschitz constant, satisfying

|f(X7y1) - f(X»y2)| < K‘yl _y2|

for every (X7y1)7 (X7y2) eVU.
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Definition Let f(x, y) be a continuous function defined in the
open set S. We say that f is locally Lipschitz in y if for each
(x0,¥0) € S, there is a neighborhood U of (xg, yo) such that there
is a constant K > 0, called Lipschitz constant, satisfying

[f(x,y1) — f(x,y2)| < Kly1 — y2

for every (x, y1), (x,y2) € U.
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If(x,y1) — f(x,02)] < Kly1 — y2 (Lipschitz Condition)

Example 47

vy =y y(to) = yo

The function f(y) = y? is continuous, and it is locally Lipschitz, for
instance, in the region —2yp < y < 2y Note that for every y1, y» in
this region, |y1 + y2| < 4yp. Thus

F(t,y2) — F(t,y1) = v2 — Y2l = Iv1 +y2l - ly2 — y11< 4yoly — i

Lipschitz condition is satisfied for K = 4yy. Therefore, the d.e. has
a unique solution in the neighborhood of ty. Indeed, it is

B 1 . Yo
y(t) = 1 (t—1) 1-y(t—t)
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y =y y(to) = yo

B 1 . Yo
y(t) = 1 (t—1) 1-y(t—t)

Example 47 (cont.)

If to = 0 the solution becomes

1

Y(t): 1
Lt

Thus, for example, if yp > 0, the solution only exists so long as
1

1
— —t>0,0ort< —.
Yo Yo
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If(x,y1) = f(x,y2)| < K|y1 — y2| (Lipschitz Condition)

Example 48

The function \/|y| : R — R>0 is NOT Lipschitz in
—01<y<o0.l.
Proof Assume that there exists K such that

[f(t,y1)—f(t,y2)| = ‘v 1| — v \)/2|’ < Klyi—yz|, forally;,yp € R

LetyQ:%, ne€ N and y; = 0 then

1 1
/1551 = VIOl < KI5 0|
1

K
n n

which contradicts with the fact that K is finite.
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Example 49

f(t,y) =+/y is NOT locally Lipschitz in an interval around yg = 0.
Thus, it is not guaranteed to have a unique solution for the d.e.

dy
E _\/ya )/(to)—)/O
Indeed, both
#2
y(t) =0and y(t) = -

satisfy the d.e. y = /y, y(0) =0.
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Solving higher order linear differential equations

Definition 15

A linear ordinary differential equation of order n in the dependent
variable y and the independent variable x is an equation that is in,
or can be expressed in, the form

dny dnfly dy __
ap(x) gxr +a1(x) o +-F an,l(x)& +an(x)y = F(x) (50)
where ag is not identically zero.

The righthand member F(x) is called the nonhomogeneous term. If
F is identically zero Equation (50) reduces to

n

d"y
dx”n

dn—ly

d
Gttt a0 anldy =0 (51)

dx

ao(x) + a1 (x)
and is then called homogeneous.
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When n = 2, a linear ordinary differential equation in the dependent
variable y and in the independent variable x has the form

2
()55 + @)% + () = F(x)

where ag is not identically zero. Corresponding 2nd order
homegeneous linear differential equation is

ap(x )3)2/+a1(x)d—+a2( )y =0

134/676



dny dnfly

dy
W)L+ a() T a0 ay = F) (e 50)
Theorem 8
Consider the n-th order linear differential equation given by
Equation (50) where ag, ai1,...,a, and F are continuous real

functions on a real interval a < x < b and that ag(x) # 0 for any x
ona<x<b. Let xg be any point on the interval a < x < b, and
let ¢y, c1,...,Cn_1 be n arbitrary real constants. Then there exists
a unique solution of Equation (50) such that

f(x0) = co, F'(x0) = c1,..., F D (x0) = cat

and this solution is defined over the entire interval a < x < b.
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Example 50
Consider the initial value problem

d2y dy 3 X /
Sz P Xy =e% y(1)=2y/(1) = -5

In the interval —0o < x < oo the hypotheses of Theorem 8 are
satisfied, so the equation has a unique solution in this interval.
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In the analysis of the linear ordinary differential equation

n n—1

d d
a0(x) 52 + a1(x) Gy a1 ()2 + an(x)y = F(x) (cf. 50)
unless otherwise is stated, we shall assume that ag, ai,...,a, and

F are continuous real functions on a real interval a < x < b. Not
stating the usual assumptions each time, we keep the analysis more
concise.
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d"y nfly dy
aO(X)dx” + a1 ( )QAF:T +—--~+—an_1(x)8; +ap(x)y =0 (cf. 51)
Corollary 1

Let f be a solution of the n-th order homogeneous linear differential
equation given by Equation (51) such that

f(x0) =0, f'(x0)=0,...,F"D(x) =0

where xg is a point of the interval a < x < b in which the
coefficients ag, a1, ..., an are all continuous and ap(x) # 0. Then
f(x) =0 for all x € [a, b].
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d"y dnfly dy -
ag(x) v + al(X)W +-+ an_l(x)& +ap(x)y =0 (cf. 51)
Theorem 9

For a homogeneous linear differential equation, (a) the sum of the
solutions is also a solution and (b) a constant multiple of a solution
is also a solution.

Proof Consider
d2X

“arr
where «, 8 and ~ are functions of t.
Let the functions x; and x> be solutions to (52). Then

d 2X1 dX1 d 2X2 dX2

+[3 —i—’yx—O (52)

Yar dt?
We wish to prove that x1 + xp is also a solution, that is
d2(X1 +X2) d(Xl +X2) ?
=0
@+ B . v(x1 + x2)

139/676



d2

asmt 5 + vx =0 (cf. 52)
d?xq dxq d? X2
aﬁ—i_ﬁd +7x1—Oanda —1—5 —i—’yxz—O
dz(Xl —|—X2) d(Xl +X2) ?
T 6 e Y(x1 +x2) =0

Using the basic property of the derivatives:

d2(X1) d2(x2) d(x1) d(x2) 2
a—n +a 2 + 5 ™ + ™ +9x1 +yx2 =0
d*(x1) | .d(x) d*(x2) | ,d(x)
a—n> + 4 ™ +yx1 + « e +4 ™ +v% =0+0=0
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d2

a7 + B + vx =0 (cf. 52)

Likewise, we wish to show that if x satisfies (52) then kx also
satisfies it for any constant k.

2( ) k 2
d;tzx) +5d(dtx) +(kx) = akddiz) +ﬁkd( %) 4 kyx
2
P T
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d"y dnfly

dy

ao(x) e + ar( )W e an—l(X)a + an(x)y =0
Theorem 10
Let fi,f, ...,y be any m solutions of the homogeneous linear
differential equation (51). Then c1fi + cofy + -+ + cmfm is also a
solution of (51), where c1,...,cm are m arbitrary constants.
Definition 16
If fi,f,...,f, are m given functions, and c1,¢,...,cm are m
constants then the expression ¢c;f; + cofh + -+ + Ccmfm is called a
linear combination of fi, f, ..., fm.
Theorem 11

(Restated) For the homogeneous linear differential equation (51):
Any linear combination of its solutions is also its solution.

(cf. 51)
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Example 51
sin x and cos x are solutions of

d2y
“7 -0
dx? Ty

By the theorem 5sin x 4 6 cos x is also a solution of the equation.
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Definition 17

The n functions 1, >, ..., f, are called linearly dependent on
a < x < b if there exist constants ¢, ¢, ..., ¢y, not all zero, such
that

ah+abh+---+cfh=0

for all x such that a < x < b.

Example 52
Are the functions fi(x) = x, f(x) = x?, f3(x) = x* +2x fo(x) = 3
linearly dependent on 0 < x < 107

ax 4+ ox® 4 a3(x® +2x) + 3 =0, Vx € [0,10]
In addition to zero the solution ¢ =0, =0,c3 =0, = 0 we

have a nonzero solution ¢ =2, = 1,3 = —1,¢4 = 0.
.. This group of functions is linearly dependent.
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In particular two functions i and £ are linearly dependent on
a < x < b if there exist constants ¢, ¢, not both zero, such that

cafh+cofh =0

for all x such that a < x < b.

Example 53

x and 2x are linearly dependent on the interval 0 < x <1, since
there exist constants ¢, ¢p, not both zero, such that

- x+e-2x=0 (53)

for all x on the interval 0 < x < 1. For instance, ¢ =2, = —1

Notice that we found constants ¢; and ¢ that work for all x in the
given interval 0 < x < 1. If they worked for some x values only
then we wouldn’t say that the functions are linearly dependent. The
next example illustrates this idea:
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Example 54

Consider the functions cos x, cos2x, and cos3x on the interval
—m < x < 7. Form the linear dependence equation

€1CoSX + cpcos2x +c3cos3x =0, — 1< x <7 (54)

When x = 0 this equation holds for c; =1, =1 and ¢z = —2.
But this does not make this set linearly dependent. For linear
dependency on —m < x < 7, the constants ¢;, ¢» and ¢z must work
for ALL x on the interval —m < x < 7. Notice that, for instance,
when x = 7, the above ¢y, ¢, c3 don't satisfy Equation (54). Thus,
the functions cos x, cos2x , and cos 3x on the interval — 7 < x <7
are not linearly dependent.

Definition 18
The n functions fi, f», ..., f, are called linearly independent on
the interval a < x < b if they are not linearly dependent there.
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Example 55

Are f(t) = 2t and f(t) = t? linearly dependent on 0 < t < 27 If
we can find constants ¢; and ¢, not both zero, such that

a2t+cot?=0,0<t<2 (55)

holds, then f and £ are linearly dependent.
Suppose for some ¢; and ¢, not both zero, Equation (55) is
satisfied. Then it must hold particularly at t = 0.5 and t = 1:
c1+02560=0
2c1 + =0
These two equations imply ¢ = ¢ = 0, that is, there even does
not exist c1, ¢z, not both zero, when considering only two points
t =0.5and t = 1. So, if we cannot do it for only two points, then
how can we do it for these two points plus infinitely many?
.. This group of functions is linearly independent.
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Alternative analysis of the previous example

Example 56

Are f(t) = 2t and f(t) = t? linearly dependent on 0 < t < 27 If
we can find constants ¢; and ¢, not both zero, such that

a2t+ot?=0,0<t<2 (cf. 55)

holds, then f; and £, are linearly dependent.
Note that if (55) holds on 0 < t < 2, then so does its derivative:

€246 2t=0,0<t<?2

This implies ¢ = —cpt. Substitute this in (55):

—ot - 2t+0t?2=0,0<t<2 > —0t?=0,0<t<2 —
¢ = 0.. Use this in (55):

ca-2t=0,0<t<2, ¢ =0.

We have only one solution ¢; = ¢, = 0,

.". the set of functions {fi, f»} is linearly independent.
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d"y dnfly dy -
ao(X) an +21( )W +"'+3n_1(X)$ +a,,(x)y_0 (Cf 51)
Theorem 12

The n-th order homogeneous linear differential equation (51) always
possesses n solutions that are linearly independent. Further, if
fi,f,...,f, are n linearly independent solutions of (51), then every
solution f of (51) can be expressed as a linear combination

ah + b+ +cafy

of these n linearly independent solutions by proper choice of the
constants ¢, ¢, ..., Cp.
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Example 57
sin x and cos x are solutions of

2
% +y=0 (56)
for all x, —0o < x < 0o. Further one can show that these two
solutions are linearly independent. Now suppose f is any solution of
(56), then by the theorem f can be expressed as a linear
combination ¢; sin x 4+ ¢ cos x of the two linearly independent
solutions sin x and cos x by proper choices of ¢; and ¢.
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ao(X)

dx" dx

Definition 19

If i,f,...,f, are n linearly independent solutions of the n-th order
homogeneous linear differential equation (51) on a < x < b, then
the set fi, f,...,f, is called a fundamental set of solutions of
(51) and the function

f(x) = afi(x) + af(x)+ -+ cfa(x), a<x<b

where ¢, ¢, ..., ¢, are arbitrary constants, is called a general
solution of (51) on a < x < b.

d
a0 ey =0 (cf. 51)

151/676



Example 58

sin x and cos x are linearly independent solutions of

d2y

o2 +y=0 (57)

for all x, —0o < x < 00. So, {sinx,cosx} is a fundamental set of
solutions for the differential equations (57). Thus ¢ sin x 4 ¢ cos x
is a general solution for (57). One can verify that 3sin x and
2sin x + cos x are linearly independent solutions of (57). Therefore,
{3sin x,2sin x + cos x} is another fundamental set of solutions for
(57). This implies that k;3sin x + k»(2sin x 4 cos x) is also a
general solution for (57). The two general solution expressions
represent the same set, that is, if y is element of ¢; sin x + ¢ cosx
for some c1, ¢ then it is also element of

ki3 sin x + ka(2sin x + cos x) for some ki, ko, and vice versa. That
is, expressing the general solution is not unique.
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Definition 20
Let A1, fa, ..., f, be n real functions each of which has an (n — 1)st
derivative on a real interval a < x < b. The determinant

O ST

W(h,b,....f) =] . : :
n—1 n—1 n—1
(0= flom1) )

is called Wronskian of these n functions.
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d
A AT an_l(x)d—i +ap(x)y =0

Theorem 13

The n solutions i, f>, ..., f, of the n-th order homogeneous linear
differential equation (51) are linearly independent on a < x < b if
and only if the Wronskian of fi, f>, ..., f, is different from zero for
some x on the interval a < x < b.

(cf. 51)
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d"y dnfly dy -
ao(X) dX” + 21( )W + -4 an_l(X)a + a,,(x)y = O (Cf 51)
Theorem 14
The Wronskian of n solutions fi, f», ..., f, of equation (51) is either

identically zero on a < x < b or else is never zero on a < x < b.

Example 59

Let us show that sin x and cos x are linearly independent for all real
X:

sinx  cosx

W (sin x, cos x) = .
cosx —sinx

= —sin’x —cos’x = —1#0
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Example 60
The solutions €X, e %, and e2* of

Py _d’y dy
LA AN S AN AN T
dx3 dx?  dx tey

are linearly independent on every real interval:

ex e X e2x
W(e*, e ™™ ) =| e —e* 2e*
ex e X 4e2x

for all real x.
The general solution to the d.e. is, therefore,

y(x)=ceX+ e X+ c3e%

= —6e> £ 0
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Example 61
Do the solutions €%, e™*, and X 4+ e > of

linearly independent on every real interval? Can we write the
general solution to the d.e. as

y(x)=cae*+ e X+ a(eX+e™)

Example 62

Are the functions sin x and |sin x| linearly independent on (a)
0<x<wm(b)0<x<21(c)0<x<4n
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Properties of linear differential equations

n dnfl d
20() T2 +a(X) oy o aa () Faldy =F(x) (cf. 50)
Theorem 15

Let v be any solution of the given n-th order nonhomogeneous
linear differential equation (50). Let u be any solution of the
corresponding homogeneous equation. Then u+ v is also a solution
of the given nonhomogeneous linear differential equation (50).

Example 63

y(x) = x is a solution of the nonhomogeneous differential equation
d?y
dx?

: . . : 2
corresponding homogeneous differential equation % +y=0. By
the theorem, the sum y(x) = x + sin x is also a solution of the
nonhomogeneous equation.

+ y = x and that y(x) = sin x is a solution of the
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d" d! d
aO(X)dT{ + al(X)le/ +oot an,l(x)d—i + an(x)y = F(x) (cf. 50)
d" dn! d
ao(x)d7{ + a(x) dxnj ot an_l(x)d—i + an(x)y =0 (cf. 51)

Theorem 16

Let y, be a given solution of the n-th order nonhomogeneous linear
differential equation (50) involving no arbitrary constants. Let

Ye = QY1 + Gyo + -+ + cnyn be the general solution of the
corresponding homogeneous equation (51). Then every solution ¢
of the n-th order nonhomogeneous linear differential equation (50)
can be expressed in the form

Ye+ Yp
that is
ayr+oys+---+cayn+¥p
for suitable choice of n arbitrary constants ¢, Co,-. ., Cp.
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d"y d" 1ty dy -
ao(x) e T al(X)W +--+ anfl(X)a +an(x)y = F(x)
n d 71y dy
BO(X)M + a1(x) v an_1(X)$ +an(x)y =0
Definition 21

Consider the n-th order nonhomogeneous linear differential
equation (50) and the corresponding homogeneous equation (51).
The general solution of (51) is called the complementary
function of (50). We shall denote this by y.. Any particular
solution of (50) involving no arbitrary constants, denoted by y,, is
called a particular integral of (50). The solution y. + y, is called
the general solution of (50).

(cf. 50)

(cf. 51)
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Example 64

Consider )
d
I )2/ +y=x (NonHomLin)

This has a particular solution

Yp(x) = x
Corresponding homogenenous equation

d’y
+y=0
AR

has a general solution
ye(x) = c1sinx + ¢ cos x

Thus a general solution of (NonHomLin) is:

y(x) = asinx+ cpcosx + x
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Example 65

Da >
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Example 65 (cont.)

«cO> <Fr <=

(= .

DA
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Example 65 (cont.)
A man 1.8m tall and weighing 80kg bungee jumps off a bridge over
a river.

The bridge is 200m above the water surface and the unstretched
bungee cord is 30m long.

The spring constant of the bungee cord is Ks = 11N/m, meaning
that, when the cord is stretched, it resists the stretching with a
force of 11 newtons per meter of stretch.

164/676



Example 65 (cont.)

When the man jumps off the bridge he goes into free fall until the
bungee cord is extended to its full unstretched length.

This occurs when the man’s feet are at 30m below the bridge.

His initial velocity and position are zero. His acceleration is
9.8m/s? until he reaches 30 m below the bridge.
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Example 65 (cont.)

His position is the integral of his velocity and his velocity is the
integral of his acceleration.

So, during the initial free-fall time, his velocity is 9.8 x t m/s, where
t is time in seconds and his position is 4.9 x t> m below the bridge.

Solving for the time of full unstretched bungee-cord extension we
get 2.47s. At that time his velocity is 24.25 meters per second,
straight down. At this point the analysis changes because the
bungee cord starts having an effect.
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Example 65 (cont.)
There are two forces on the man:

1. The downward pull of gravity mg where m is the man's mass
and g is the acceleration caused by the earth’s gravity

2. The upward pull of the bungee cord Ks(y(t) — 30) where y(t) is

the vertical position of the man below the bridge as a function of
time.
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Example 65 (cont.)

Then, using the principle that force equals mass times acceleration
and the fact that acceleration is the second derivative of position,
we can write

mg — Ks(y(t) — 30) = my(t)
my(t) + Ksy(t) = mg + 30K,

This is a second-order, linear, constant-coefficient, inhomogeneous,
ordinary differential equation. lts total solution is the sum of its
homogeneous solution and its particular solution.
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Example 65 (cont.)

Elevation (m)

Fre ||
Fall

Bridge Level

Water Level
5

Time, 7 (s)

10
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An order reduction technique

x3+6x2+11x+6=0

It is hard to solve 3rd degree polynomial equations. For the
example above, knowing that one of its roots is at x = —3, the
others can be found by a simple formula:

x3 + 6x2 —|—11X—|—6

24 3x+2
x+3
It is simple to deal with a second degree polynomial.
n n—1
a0(x )‘C’I v +al(x)d {+...+an,1(x)%+an(x)y:o (cf. 51)

Theorem 17

Let f be a nontrivial solution of the n-th order homogeneous linear
differential equation given by Equation (51). Then the
transformation y = f(x)v reduces Equation (51) to an (n — 1)st
order homogeneous linear differential equation in the dependent

: dv
variable w = &
dx 170/676



An illustration on the 2nd order differential equation

Suppose f is a known nontrivial solution of the second order
homogeneous linear differential equation

d? dy
a0(x) 5 + a(x) 2. + a2(x)y =0 (58)
Let a solution to the equation above be

y = f(x)v (59)

where f is the known solution of (58) and v is a function of x that
will be determined.
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d?y dy
aO(X)W +a (x)a +a(x)y =0 (cf. 58)
y =f(x)v — (cf. 59)
dy B dv y
o f(x) I + f'(x)v (60)
Py _ f( )ﬂ + 2f( )ﬂ + f"(x) (61
a2 Vg2 XV ax XV )

Substituting (59), (60), and (61) in (58) we obtain

2y v
ao(x)[f(x)% + 2f’(x)% + f(x)v]
dv

+31(X)[f(X)a + f'(x)v] + ax(x)f(x)v =0
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d
a1 ([F() 5 + F V] + a2()f (v = 0
d’v dv
a0 (x)f (x) 7= + [2a0(x)f(x) + a () (x)]
+Hao ()" (x) + a1 (x)f'(x) + a(x)f(x)]lv = 0
Since f is a solution of (58), the coefficient of v is zero, and so
that the last equation reduces to

()7 ()% + Pao(x)F () + an()F ()] o = 0
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() () T2+ Pao(x)F () + an(x)F ()] o = 0

Letting w := %, this becomes

d
a0(x)F(x) 5 + [220(x)f'(x) + a1 (x)f (x)]w = 0
This is a first order homogeneous linear differential equation in the
dependent variable w. The equation is separable, thus by the

assumptions f(x) # 0 and ap(x) # 0, we may write

dw  f'(x) | a(x) 5
W [2 f(x) ao(x)]
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dw  fl(x) | a(x)
w20 T 2k

Integrating we obtain

Jdx

In|w| = —In[f(x)]* — / 3223 dx + In|c]|

MGGy —/ 2109 o, WIFCIE _ -1 3t

c ap(x) c
—f al(X) dx [Zég)d
o= = “rE
e 30
— y(x) = f(x)/ FP dx

It can be shown that the new solution and f are linearly
independent. Thus the linear combination ¢;f + ¢ fv is the general
solution of (58).
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Example 66
y(x) = x is a solution of

d’y dy
Find a linearly independent solution by reducing the order.
Let y = vx, then d% = xd +v and dx2 + 2d" Substitute
them in (62):
d’v dv dv
2 _
(x* + 1)(Xﬁ + 2&) - 2X(Xa +v)+2xv =0
or )
d<v dv
1)—— +2°F =
X + )dx2 + dx 0
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Example 66 (cont.)

d?v dv
1)— +2— =
(X+)dx2+ dx 0

Letting w := Z" we obtain

dw

2

1 2w =0
x(x“ + )dx+ w

d—W—i_z dx
w o x(x2+1)
dw —2 2x
IV _ (T2 Xy
w (X X2+1)X

In|w| = —2In|x| 4+ In(x*> + 1) + In|c| —
Injw| = —Inx? +In(x* 4+ 1) + In|c| —

c(x?+1)

In|w| =In 5
X
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Example 66 (cont.)

dv __ .
Use o =w
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Example 67
The 2nd order de

2 d
ﬁa%+2i%—2y20 (63)

has a known solution y;(t) = t. Find the other linearly independent
solution by the reduction of order method.

Yo=tv, yo=v+tv, yop =2v+tv
Plug y», y» and y» into the differential equation to obtain
t2(2V + tV) + 2t(v + tv) — 2(¢7) =0

3V 4+ 4t°v =0
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£V + 4t =0

Example 67 (cont.)

Define w := v to obtain

3w+ 42w =0
This is a 1st order linear differential equation. Its solution is
—4

w(t) = ct

where c is an arbitrary constant. Obtain v from w :

v —/Wdt /ct_4dt ct‘3+k

1 3
= ——ct k
v 3C +
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v=—Cct 4k
Example 67 (cont.)

1 1
ya(t) = tv = 1?(—§c1.“_3 + k) = —gct_2 4kt

General solution to the d.e. (63) is

1
y(t)=Gt+ G <—3ct2 + kt>

y(t) = (G + Gok)t — %Cgct_z

y(t) = Kit + Kpt ™2

where K1 and K> are arbitrary constants.
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Theorem 18

Let x; and xy respectively be the solutions of

2

X
s +B +vx—f1() (64)
and
d2
a + 6 —i—’yx = f(t) (65)
where o, 8 and ~ are functions of t. Then x1 + xo is a solution of
d2
s +6 —f—’yx-ﬂ( ) + f2(t) (66)
Proof
d?(x1 + d(x +
L ba +x) L8 (x1 + x2) bt 30) = e

dt? dt
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X1 solves

d2
s +6 +vx—f1(t)
x> solves
d2
s +6 +7X— f(t)
dz(Xl + X2) d(Xl + X2)
« dt2 +6 dt +7(X1 +X2)
d2X1 C/2X2 dX1 dX2
= Oéﬁ +067dt2 +57 + 67 + X1 + X2
& d2x s
0T 5% 0T 1 5% s = (1) + (1)

fi(t) f2(t)

Indeed, knowing solutions corresponding to f; and f; we get the
solution corresponding to the forcing function A + 7.
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Superposition principle

Theorem 19
Let f; be a solution of
dny dnfly dy _
ao(x) = +arlx) oo ot ana(x) o+ an(x)y = Fx)

Let f> be a solution of

dny dnfly dy _
g T AX) T e ana(x) ot an(x)y = Fa(x)

ao(X)

Then kifi + kofs is a solution of

n—1

d" 'y
+a1(x) o

dn

y
dx”

dy
dx

ao(x) +- - tap-1(x) = +an(x)y = ki Fi1(x)+kaFa(x)

where ki and ko are arbitrary constants.
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Example 68
Find a particular solution of

d? d
d7§ - 7(71 112y = 4> 4 et (67)
Noting that
d’y _dy 2
LY 7P 10y — 4e¥
dx? dx ey =ae
has a particular solution 2e?*, and
Iy 7Y + 12y = 5e**
dx? dx

has a particular solution 5xe**, superposition principle implies that
the d.e. (67) has a particular solution y,(x) = 2 + 5xe®*.
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Let g = ihg = 0. And let v; result in the current /1, and v» result
in the current ir. Then for the input kyvi + kovo with ig = 0, the
current / will be kyii + kob.
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Figure: Mass-damper-spring system with inputs
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Homogeneous linear differential equations with constant
coefficients

Preliminaries
Quadratic formula If

ax®> +bx+c=0 (68)
then
—b+Vb? —4ac
X = (69)

2a
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Cubic formula If
B px+gx+r=0 (70)

then use the transformation

x:u—g (71)
to obtain
3 p pq . 2p°
u+(q—?)u+(—?+§) 0
B +aut+b=0 (72)

A 2 A 3 :
where a=q— 5 and b=r— 5 + 22%. For the solution of (72)
evaluate

b a3
A—\/z I 27
b 33
B=1{|—2—1/— +—
\/2 2 "7
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b a3
A‘¢2 I 27
g_i_b_. /. 2

2 4 o7

B rautb=0

The roots of (72) are:
u=A+B

u=—-1(A+B)+,/-3(A- B)

u=-3A+B)~\/-3(A-B)

(cf. 72)
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Consider

d"y d”_ly dy
e +—a1an71 +—~-'+-an_1a§r+-any =0 (73)

a0

where ag, a1, ..., a, are real constants. Consider the solution
candidate:

Then we have:

ﬂ: mx ﬂ m2 mx ﬂ:mn mx
dx
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Substitute in (73):
agm"e™ + aym" le™ 4+ ... 4+ a,_1me™ + a,e™ =0

or
emX(aOmn+almn—1 +“'+3n71m+an) =0

Since ™ £ 0, for the satisfaction of the equation we must have
aom” +am" '+ 4 a,_1m—+a,=0 (74)

This equation is called auxiliary equation or the characteristic
equation of the given differential equations (73).
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Coefficients of the auxiliary equation

dny dnfly dy
gxr + ap v + -+ an,la +ay =0 (cf. 73)

a0

aom"+am™ '+ +a, 1m+a,=0 (cf. 74)
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n—1

5.4 d"y dy

d”+aldX”_1+ +a,,1d +a,y=0 (cf. 73)

aom"+am™ '+ +a, 1 m+a,=0 (cf. 74)
Theorem 20

Consider the n-th order homogeneous linear differential equation
(73) with constant coefficients. If the auxiliary equation (74) has
the n real-distinct roots my, my, ..., m, then the general solution

of (73) is
y(x) = ce™* + e 4 .- 4 ™

where ¢1, Cp, . .., Cq are arbitrary constants.
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Example 69

Consider R
d<y dy
=23 4oy
72 3d + 2y =0.

The auxiliary equation is
m* —3m+2=0

Hence m;y =1 and my = 2. The roots are real and distinct. Thus
e* and e?* are solutions. The general solution is then
y(x) = e + e

where c1, ¢ are arbitrary constants.
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dny dnfly dy

d”+aldX”_1+ +an1d +a,y=0 (cf. 73)

aom"+am™ '+ +a, 1 m+a,=0 (cf. 74)
Theorem 21

Consider the n-th order homogeneous linear differential equation
(73) with constant coefficients. If the auxiliary equation (74) has
the real root m occurring k times, then the part of the general
solution of (73) corresponding to this k-fold repeated root is

(Cl + Cox + C3X2 4+t Cka_l)emX

where ¢1, C, ..., Ci are arbitrary constants.
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Example 70
Find the general solution of

Py d’y L dy
Gy 42V 3V gy,
dx3 dx? 3dx +18y =0

The auxiliary equation

m* —4m?> —3m+18=0
has the roots 3,3, —2. The general solution is then
2x

y(x) = (a1 + ox)e¥ + e

where c1, ¢, c3 are arbitrary constants.
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Example 71
Let a constant coefficient homogeneous linear differential in the
independent variable x have the characteristic equation

(m—4)3*(m—2)?(m—-5)=0
The general solution is
(c1 4 oox + c3x?)e™ + (a4 + csx)e®™ + cge®™

where ¢, ¢, ..., g are arbitrary constants.
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Theorem 22
Consider the n-th order homogeneous linear differential equation
(73) with constant coefficients. If the auxiliary equation (74) has
the conjugate complex roots a + bi and a — bi, neither repeated,
then the corresponding part of the general solution of (73) may be
written as

y(x) = e™(c1 sin(bx) + c» cos(bx))

where ¢y, ¢p are arbitrary constants.

If, however, a + bi and a — bi are each k-fold roots of the auxiliary
equation (74) then the corresponding part of the general solution of
(73) may be written as

y(x) = e™[(c1 + cax + -+ + ckx* ) sin(bx)

+(Ckp1 + Chpax + -+ cux* 1) cos(bx)]

where ¢1, Cp, . .., Coi are arbitrary constants.
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Example 72

612)/ 2 .
——+y=0—>m+1=0—>m=0=%]
dx?

y(x) = e™[cysin(1 - x) 4 ca cos(1 - x)] = [c1 sin x + ¢ cos x]

where ¢y, ¢ are arbitrary constants.
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Example 73

d%y dy .
W—6a+25y:0—>m:3:|:4/
y(x) = e¥[c1 sin(4x) + ¢ cos(4x)]

where ¢1, ¢ are arbitrary constants.
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Example 74
Let a constant coefficient homogeneous linear differential in the
independent variable x have the characteristic equation

(m—4—i3°(m—4+i3*(m-5)=0
The general solution is
e¥[(c1 4+ cox + c3x?) sin 3x + (¢4 + c5x + cx?) cos 3x] + 7>

where ¢, ¢, ..., 7 are arbitrary constants.
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Example 75
Solve the initial value problem

d’y 6Q
dx? dx

+25y =0 y(0) = -3, y'(0) = -1
Its general solution is
y(x) = e¥[c1 sin(4x) + ¢ cos(4x)]

where ¢;, ¢; are arbitrary constants. From this we find:

d
};(XX) = e3x[(3c1 —4cy)sin4x + (4cy + 3¢2) cos 4x]
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Example 75 (cont.)

y(x) = e¥[c1 sin(4x) + ¢ cos(4x)]

dyd(x) = [(3c1 — 4¢2)sin4x + (4cy + 3¢2) cos 4x]
Ix

Apply the initial conditions:
3 =¢e*%csin(4-0)+ cacos(4-0)] = ca = —3
—1=¢e*%(3¢; — 4c)sin(4-0) + (4c; + 3c) cos(4 - 0)]
— 4 +3cc=-1—>q =2

The solution is

y(x) = e¥*[2sin(4x) — 3 cos(4x)]
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Example 76

Consider
y—4y+13y =10

Its auxiliary polynomial equation is m?> — 4m + 13 = 0; its roots are
2 + /3. lts two roots are distinct. So, can we write the solution as

y(t) _ Cle(2+3i)t + C26(2_3i)t

The above expression satisfies the d.e. However, it is not a real
function; it has both real and imaginary components. This
expression can be freed from the imaginary components, so that it
becomes a solution which is a linear combination of real functions
only.

205/676



Example 76 (cont.)

y(t) _ Cle(2+3i)t + C2e(2—3i)t
Use Euler’s identity et = cost + isint in the above equation.
y(t) = c1e*[cos 3t + isin 3t] + cpe*[cos 3t — isin 3t]

y(t) = €®[(c1 + ) cos 3t + i(c; — ) sin 3t]

This expression satisfies the d.e. for every ¢; and ¢; so take ¢; = %
and ¢ = % This gives a solution:

v = €2t cos 3t
Taking ¢; = % and oo = —% gives another solution

yo = e?tsin 3t
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Example 76 (cont.)

y(t) = e*[(c1 + &) cos 3t + i(c1 — ) sin 3t]
Take ¢; = % and ¢ = % This gives a solution:

2

y1(t) = e*fcos 3t

Taking ¢ = % and o = —% gives another solution:

ya(t) = e?tsin 3t

Because y; and y» are linearly independent, general solution can be
written as

vg(t) = ayi + ys = cre?t cos3t + e’ sin 3t

vg(t) = e*[c1 cos 3t + ¢ sin 3t]

Every term in the solution above is now real.
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Undetermined coefficients method

Consider 2 J
y y 4x
S 2 _3y=0
dx? dx y €

A solution candidate for this system is y,(x) = Ae**. Hope that for
some value of A, this candidate satisfies the differential equation.
Substitute the candidate and its derivatives

= yp(x) = 4Ae¥, Yp(x) = 16Ae™
in the differential equation:
16Ae* — 2(4Ae™) — 3(Ae®) = 2™

Simplification yields: A= 2 — y,(x) = 2e*~.
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Now consider )

d’y _dy 3

—= —2— — 3y =2

dx? dx
Let this time the particular solution be y,(x) = Ae3*. Substitute
this and its derivatives in the differential equation:

9Ae3* — 2(3Ae3) — 3(Ae®) = 2%

This results in:
0 =23

This equality does not hold. Therefore, this candidate does not
work for any A. The reason that y,(x) = Ae3* does not work is
that €3~ is also the solution of the homogeneous part. Now try:
yp(x) = Axe®*. Substitute this and its derivatives in the differential
equation to find that A= 3. Thus y,(x) = 1xe3* is the solution.
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Definition 22
UC functions are x", where n is a nonnegative integer, e?*,
sin(bx + ¢), cos(bx + c) and finite product of these four types.

Example 77

x3, e¥, sin(2x), e¥sin(2x + g), e*x3 cos(4x)
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Definition 23

Given a UC function f, its UC set is standardized set of linearly
independent functions whose linear combinations are f and its all
derivatives.

For some UC functions, corresponding UC sets are shown in
Table 1.
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Example 78

The UC function f(x) = x> has the derivatives

x% 5x% 20x3,60x2,120x,120,0. The UC set of x> is

S = {x5 x* x3,x2,x,1}. Notice that, constant multiples or linear
combinations of the linearly independent functions

x5, x* x3,x%,x,1 yield f and its all successive derivatives.

Example 79

Given f(x) = sin2x, we use the UC set from the table as
{sin2x,cos2x}. Note that, derivatives of f(x) are

f'(x) = 2cos2x, f"'(x) = —4sin 2x,

f"(x) = —8cos2x, f(*)(x) = 16sin2x, . ..

which are multiples of either sin 2x or cos 2x.
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Example 80

Given f(x) = e?, we use the UC set from the table as S = {e?*}.
Note that, derivatives of f(x) are:

f(x) = ae™, f(x) = a%e™, ... fN(x) = a"e™.

These are all multiples of e,

Example 81

Let f(x) = x3 and g(x) = cos2x, then

h(x) = f(x)g(x) = x3cos2x. UC set of x* is §; = {x3,x2, x, 1},
UC set of cos2x is Sp = {cos 2x, sin 2x}.

Then we have UC set of x° cos2x as

S= {x3 cos 2x, x> sin 2x, X% cos 2x, x? sin 2x, x €os 2x, X sin 2x,
cos 2x, sin 2x}.

For some UC functions, the UC sets are presented in Table 1.
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UC function UC set

x" {x" x""1 xn=2 . x,1}

eax {eax}

sin(bx + ¢) {sin(bx + ¢), cos(bx + ¢)}
cos(bx + ¢) {sin(bx + ¢), cos(bx + ¢)}
XneaX {Xneax anleax . XeaX eaX}

x"sin(bx 4+ ¢)  {x"sin(bx + c),x" cos(bx + c), x" ! sin(bx + ¢),
x""Lcos(bx + c), ..., xsin(bx + c), x cos(bx + ¢)
sin(bx + c),cos(bx + ¢)}

x"cos(bx +¢)  {x"sin(bx + c), x" cos(bx + c), x"Lsin(bx + c),
x"Ycos(bx + c),. .., xsin(bx + c), x cos(bx + c)
sin(bx + c),cos(bx + ¢)}

e sin(bx +¢) {e*sin(bx + c), e cos(bx + ¢)}

e cos(bx +¢c) {e*sin(bx + c), e cos(bx + ¢)}

Table: 1 Some UC functions and their UC sets
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Problem statement

We want to find a particular solution of

dny dnfly dy
a0y ta oA+ ay = F(x)

where F is a finite linear combination of UC functions
ur,up,...,Un:

F:k1U]_+k2U2+"'+kmUm
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Undetermined coefficients method

dn dn—l d

d n+a1d P 1—|— “+an— 1 +any:k1u1+k2uQ+~~+kmum
1. Obtain UC sets 51, 5,,...,S,, for the UC functions
U1, Un, ..., Uy as in Table 1.

2. If 5; C Sj for some i,j € {1,2,..., m}, then omit S; from
further consideration. This step is not applicable for the problems
with only one UC set.

3. Consider the UC sets remaining after step 2. If any element of
any set S; is a solution for the homogeneous part, then multiply S;
by the lowest integer power of x so that the resulting set S/ does
not contain solution of homogeneous part anymore. If any set is
revised, then omit its original form from further consideration.

4. Multiply elements of the sets by undetermined coefficients and
add them up. This sum is a valid particular solution candidate.
Substitute the candidate in the differential equation and solve it for

the undetermined coefficients.
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Example 82

d’y . dy 2

223 4oy =

dx? dx ey =x
Let us find the general solution of the homogeneous part.

Homogeneous part of the d.e. is as follows:

eX

d’y _dy
— 7 3 o, —
dx? 3dx +2y=0

Its characteristic equation is m*> — 3m + 2 = 0. This has the roots
1 and 2, therefore, the general solution is:

Ve(x) = e’ + e

Step 1

UC set of x?e* is S = {x2eX, xe*, e}

Step 2

Since we have only one UC set, this step is no applicable.
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Example 82 (cont.)

Ve(x) = e+ e

UC set of x?e* is S = {x%eX, xe*, ¥}

Step 3
e* is a member of y., therefore we multiply S by x.

S = {x*eX, x%eX, xe¥}

Multiplication by x2, or x3 also result in a set that does not contain
a solution of homogeneous part. But the algorithm says "Multiply
it by the lowest integer power of x"
Step 4
A particular solution candidate is:

yp(x) = Ax3e* + Bx?e* + Cxe*
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Example 82 (cont.)

d?y _dy 2 x
W—3$+2y—x e

Step 4
A particular solution candidate is:

¥p(x) = Ax®eX + Bx?e* + Cxe*
Vp(x) = ACeX + (3A+ B)x?e* + (2B + C)xe* + Ce*
Vp(x) = A} + (6A+ B)x*e* + (6A+ 4B+ C)xe* + (2B +2C)e”
Substitute yp, ¥p, yp in the d.e.:
Ax3eX + (6A + B)x?e* + (6A+ 4B + C)xe* + (2B + 2C)e*
—3(Ax®e* + (3A + B)x?e* + (2B + C)xe* + Ce¥)
+2(Ax3e* + Bx?e* + Cxe¥) = x° e~
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Example 82 (cont.)
Substitute yp, ¥p, ¥p in the d.e.:

AxPeX + (6A + B)x?e* + (6A + 4B + C)xe* + (2B + 2C)e~
—3(Ax®e* + (3A + B)x?e* + (2B + C)xe* + Ce¥)
+2(Ax3e* + Bx?eX + Cxe¥) = x° e
Equate coefficients of x3e:

A-3A4+2A=0—-0=0

Equate coefficients of x2e*:
1
(6A+B)~3(3A+B)+2B =1 —34=1 A=

Equate coefficients of xe*:

(6A+4B+C)—302B+C)+2C=0——2B=2—B=—1
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Example 82 (cont.)

AxPe* + (6A + B)x’e* + (6A + 4B + C)xe* + (2B + 2C)e*
—3(Ax3e* + (3A + B)x?e* + (2B + C)xe* + Ce¥)
+2(Ax3e* 4 Bx?e* + Cxe*) = x%e”
Equate coefficients of e*:
2B4+2C-3C=0—>C=-2

Thus, the particular solution is:

yo(x) = APe + BxPe* + CX6X|A:—1/3 B=—1,C=—2

1
— yp(x) = —§x3ex — X

Therefore, the general solution is

2eX — 2xe*

1
Y(X) = YP(X) +YC(X) = *§X3ex — XzeX — 2xe* —+ CleX + C262X
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Example 83

dzy dy 2
92 2d— +y = x“e"

Ye(x) = c1e* + cpxe”

Step 1 UC set of x?e* is S = {x?eX, xe*, e*}.

Step 2 Because we have only one UC set, this step is not
applicable to this problem.

Step 3 €¥ is a member of y., however, if we multiply S by x the
resulting set will contain xe* which is also member of y.. Hence,
we multiply the set by x2.

= {x*e*, x3e*, x?e*}
Step 4 A particular solution candidate is:

Yp(x) = Ax*e* + Bx3eX + Cx?e”
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Example 84

Py d
Kg —2d—§—3y:2ex—105inx

Ve(x) = ae® + qe”

Step 1 UC sets: S; = {e*}, S» = {sin x, cos x}

Step 2 Note that neither of these sets is identical with nor included
in the other, hence both are retained.

Step 3 None of the functions €%, sin x, cos x in either of these sets
is a solution of the corresponding homogeneous equation. Hence
neither sets needs to be revised.

Step 4 Form the linear combination:

X

Yp(x) = Ae* + Bsinx + C cos x

Substitute this and its derivatives in the differential equation to
obtain A = —%, B=2,and C = —1.

223/676



Example 85

d? d
Y g

2y = 2x% + X + 2xe* + 4e3*
™ Ty =2 e 2

ye(x) = cre” + ce*

Step 1

UC sets: S; = {x2,x,1}, Sp = {&X}, S3 = {xe*, eX},54 = {3*}

Step 2 S; C S3 — Delete the set S,.
Now we have the sets 51, S3 and S; remaining.
Step 3 €* of S3 is a member of y.. Multiply S3 by x:

S5 = {x%eX, xe*}

Now we have 51, S5 and S4 to consider.
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Example 86

Step 1

UC sets: S = {x%,x,1}, Sy = {e*}, S5 = {xe¥, e*},54 = {e¥¥}
Step 2 S; C S3 — Delete the set S,.

Now we have the sets 51, S3 and S; remaining.

Step 3 €* of S3 is a member of y.. Multiply S3 by x:

Sh = {x?e*, xe*}

Now we have 51, S5 and S4 to consider.
Step 4
Form the linear combination by using the members of S;, S5, and
542
Yp(x) = Ax? + Bx + C + Dx?e* + Exe* + Fe>*

Substitute this and its derivatives in the differential equation to
obtain ;
Yp(x) = x* 4+ 3x + 5 x?e* — 3xe* + 2%
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Example 87

d4y d2y 2 .
W—‘_w:?)x +4S|nX—2COSX
ye(x) = a1 + cax + c3sinx + ¢4 cos x

Step 1 UC sets: S; = {x?,x,1}, S, = {sinx, cos x},

S3 = {sin x, cos x}

Step 2 S, and S3 are identical; delete the set Ss.

Step 3 Multiply S; by x2. The revised set is S| = {x*, x3, x?}.
Multiply Sp by x. The revised set is S5 = {xsinx, x cos x}

Step 4 Form the linear combination by using the members of S]
and S}

Yp(x) = Ax* + Bx® + Cx? + Dxsin x + Ex cos x

Substitute this and its derivatives in the differential equation to

obtain )
Yp(x) = ZX4 — 3x? + xsin x + 2x cos x
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The underlying idea behind the undetermined coefficients

Proving validity of the UC algorithm is involved, so we just
highlight the main idea behind it. Consider
dny dnfly d2y dy
d”+ nld 1 +aﬁ+31&+30y:f(x) (75)
The lefthand side may be viewed as a linear operator operating on
the dependent variable:
dn dnfl d2

‘a1 gttt

d
0 g+ 01 g Fag |y = (x)

dx? dx

If y is a polynomial of degree n, the operation by a linear operator
results in a polynomial of degree n or less. So, linear operator
preserves the polynomial type; polynomial stays as a polynomial.
Besides, it does not increase the degree.

227/676



A i dnfl d2

d
gt ta s ta——+a ()

dx2 dx

The linear operator above

(i) multiplies the argument by a real constant,

(i) differentiates the argument k times, k =1,2,... n,

(iii) takes a linear combination of the terms generated in steps (i)
and (ii).

All of the properties above preserve the polynomials, that is, if the
argument is a polynomial then what linear operation yields is also a
polynomial. Besides, the degree is not increased.
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Regarding

dn dnfl d2

n g T a1 it

d
S St P ay = £(x) (cf. 75)

dx? dx

if the righthand side term is a polynomial of n-th degree, it is viable
to use a polynomial solution candidate of degree n in the simplest
case where complementary function y. of (75) has no polynomial
term in it. If it has a polynomial term in y, then it requires
increase in solution candidates degree.

Linear operators preserve not only polynomials but also the other
UC functions. Therefore, the idea used for the polynomial
righthand sides can be extended for the other UC functions.
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Variation of parameters method

Consider
y(x) + P(x)y(x) + Q(x)y(x) = f(x) (76)

We want to find a particular solution in cases where undetermined
coefficients method cannot be applied to produce y,.
Suppose

Yo = C1y1 + Qy2

is a known general solution to
y(x) + P(x)y(x) + Q(x)y(x) = 0. (77)
Then it is possible to find a y, of the form
Yp = Ay1 + Byz

where A and B are some functions of x to be determined (at the
present moment they are unknowns).
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We need to substitute this form of y, in (76) and try to find A and
B. To do this, we need to find y, and y,.

Yp = Ayi + Bys — yp = Ay1 + Ay1 + Bys + Bys

To avoid dealing with second derivatives of A and B we will look
for A and B satisfying the following condition:

Ay1 + By, =0 (78)

Now we need to find a solution that satisfies both (76) and (78).
We shall see that imposing an additional condition would not cause
any additional trouble in finding a solution.

— Yp = Ay1 + Bys

Thus ‘ ‘
Yp = Ay1 + Ay1 + Bys + By»
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We substitute them in (76):
Ay +Ay1 + By2 +By> + PAy,
~— ~—~—

—~ —~
+ PBy, + QAy1 + QBy, = f (79)
——

Recall that each of y; and y» is a solution to the d.e.’s
homogeneous part:

() + P()7(x) + Qx)y(x) = 0. (cf. 77)

Thus, the sum of the underbraced terms A(y1 + Py1 + Qy1) equals
zero. The sum of the overbraced terms above B(y> + Py» + Qy»)
also equals zero. Thus (79) becomes

Ayi + By, = f (80)
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To find A and B we need to solve (78) and (80):

In matrix notation

Y1
"

Ay1 + By, =0

Ays + By, = f

JIHEH
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In matrix notation

3 301

iy B f
Cramer’s rule may be used:

‘ 0 y

Ao 1f vl —pf _ [ —ef

— — 7
' iy W(y1,y0) W (y1, y2)
i ow

dx

v 0

n f
oy
yi oy

B W(Y17Y2 /W Y1,Y2
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Since the particular solution has the form

¥p = A(X)y1 + B(x)y2
we have

nf
= — dx + dx
y1/ W(y1 ¥2) Y2 | Wiy, y)
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Example 88

Determine the general solution for
d2

d7)2/ +y =tanx

Ye(x) = c1 cosx + e sinx — yp(x) = A(x) cos x + B(x) sin x

0 sin x
tanx cosx

— COS X — secx

A(x) =
cosx sinx
—sinx CosXx

— A(x) =sinx — In|secx + tan x| + ¢3

COos X 0

. —sinx tanx .

B(x) = : =sinx = B(x) = —cosx + &
cosx  sinx
—sinx cosx
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Example 88 (cont.)

¥p(x) = A(x) cos x + B(x)sin x
— yp(x) = cos x(sin x — In | sec x 4 tan x| + c3) + sin x(— cos x + c4)

Particular solution, by definition, is free of arbitrary constants. So
take c =0 and ¢4 = 0:

¥p(x) = cos x(sin x — In|secx + tan x|) + sin x(— cos x)
Thus the general solution to the differential equation is
y(x) = a1 sin x4 cos x+cos x(sin x—In | sec x+tan x|)+sin x(— cos x)

Note that without having ¢ = 0 and ¢4 = 0 we would have

y(x) = c1 sin x+ ¢ cos x+cos x(sin x —In | sec x+tan x|)+sin x(— cos x) +
C3 COS X + C4Sin X
—_—————

redundancies
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Example 89
Consider the differential equation

. X

Yy —2y — 3y = xe”

One may solve it by undetermined coefficients method. We solve it
by the variation of parameters method. The homogeneous part has
the general solution:

Ve(x) = cre™ + e
The particular solution will have the form:

Yp = A(X)y1 + B(x)y2

or more explicitly

yof nif
Yp=-n dx+yz/dx
P /W(Y1a)/2) W(y1, y2)
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Example 89 (cont.)

ve(x)=c e +c ¥

-~
Y1 y2
Yp=¥1" / 7dx +y5 - nifdx
W(y1,y2) W (y1,y2)
A(x) B(x)

—X 3e3x

/4ezxdx— / dx———

dx
/WY1,Y2 /
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Example 89 (cont.)

ye(x)=a e +a e3X

=»- / dx +y» - Al f
W(y1,y») W(y1,y2) )/17)/2

(x) )

f —X ya—X —4x
4 dx = / ¢ x x2e dx = / xe dx
W (y1,y2) 4e2x 4
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Example 89 (cont.)

X
Alx) = ——
() =%
X 1
B - —4x - _—4x
(x)=—15 64
Thus ,
x xr X _ax 1 4
Yp(x) = ——e + & (—16e 4 - 4x)
§ —X —X X 1
General Solution:
x 3x 2 x s X 1
y(x) =ye(x) +yp(x) = e+ e’ — —e * + (CE——



First order case

Consider
y+ P(x)y = f(x) (81)

Suppose y; is a nonzero solution to
y+P(x)y=0 (82)
Look for y, = A(x)y1. Substitute in (81) yields:
An +Ay; + PAy, = f

Since y; is a solution to (82) the sum of the underbraced terms,
i.e., A(y1 + Py1) equals zero, so

; . f f f
Aylzf—>A:—>A:/dx—>yp:y1/dx
y1 y "
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Example 90
Third and higher order cases Consider

d’y | dy
93 + o = sect (83)

Its complementary solution is
ye(t)=c + csint+ c3cost
Particular solution has the form
yp(t) = A(t) + B(t)sint + C(t)cost

Substituting this in the d.e. (83) and imposing appropriate
conditions on A(t), B(t), and C(t), one obtains the particular
solution y,.

Particular solution form is generalized for higher order differential
equations in a straightforward manner.
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The Cauchy-Euler equation

Definition 24
d" . d™l dy
aoXndanraan 1anf)1/+ -+ ap— lxd +a,,y—F( )
with ag, ..., a, constants, is called the n-th order Cauchy-Euler
equation.
Theorem 23

The transformation x = e reduces the equation

d"y L d"ly dy
S T Ao an X any = F(X)

aox”

to a linear differential equation with constant coefficients.
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We shall show it for the second order differential equation
ao 2Ly +a dy +a F(x)
x> X—
a2 X Y =
Letting x = e assuming x > 0, we have t = Inx. Then

dy dy dt dy 1 _ dy d
y _dy y 1 dy_dy

dx  dt dx  dt x  Ydx _ dt
1 dy

d’y 1d ,dy dy d 1 1,d%ydt
a2~ xdldt) Tdtaex X dZ a2 dr
1 d’y dy 2d2y_ d’y dy
il R e e
Note that d du dt d  dy d?y dt
o= grd 7 alar) T e g
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d?y dy
72 —I—alxd—+agy—F( x)

Substituting in the differential equation

aoX2

d’y dy dy

_ < _ < 7 _ F t
(dt2 o) Tag Tay=F(e)
or ,
d d
aod—t;/ + (a1 — ao)d—}; + apy = F(eY)
Compare to:
,d?y dy
agx d2—|—alxd—+agy F(x)
Remark

1. The leading coefficient agx” = 0 for x = 0, therefore, x =0 is
not included in the domain. We take the domain as x > 0.
2. If the domain is x < 0, then the correct transformation is

x = —et.
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Example 91

2Py, dy

_ .3
X 72 72X&+2y—x
Let x = ef, assume x > 0. Noting that a9 =1, a1 = —2, a» = 2,
we obtain )
dy _dy 3¢
— — 3= +2y =
dt? dt tey=e

The general solution will be

1
y(t) = cret + et + Ee?’t

In terms of the original independent variable x:

1
y(x) = ax+ ox® + §x3
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Power series solutions
Consider a second order homogeneous linear differential equation

d? dy
a0(x) 55 + a1(x) 5 + a2(x)y =0 (84)
or in a normalized form
d? d
—5 + PO+ Pa(x)y =0 (85)

where Pi(x) = % and Py(x) = azéxg Assume that Equation
(84) does not have a solution expressible as a finite linear
combination of known elementary functions. Assume that it has a

solution in the form of infinite series:

oo
o+ c1(x — xo) + ca(x — x0)* + - ch (x—x0)"  (86)
n=0
where ¢, c1, ... are constants. (86) is known as power series in
(x — xp)-
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d’y dy

ao(x)ﬁ + a1(x) I + ax(x)y =0 (cf. 84)
d’y dy
B;§r+—Fﬁ(x)a;'+be(x)y =0 (cf. 85)
Definition 25
A function f is said to be analytic at xg if its Taylor series about xg
oo
£(n)
(%) (X _ XO)n
n!
n=0

exists and converges to f(x) for all x in some interval including xg.

Definition 26

The point xp is called an ordinary point of the differential
equation (84) if both of the functions P; and P, in the equivalent
normalized equation (85) are analytic at xp. If either (or both) of
the functions is not analytic at xp, then xq is called a singular
point of the differential equation (84).
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Example 92

dzy dy 2
—_— —_ 2y =0
dx? +de+(x +2)y

Here Pi(x) = x and Py(x) = x? + 2. Both functions are analytic
everywhere. Thus all the points are ordinary points.

Example 93
(x—l)ﬂ—l—xﬂ—l-1 =0
dx? dx "X’ T
or equivalently,
d?y x dy 1

e T o) ax T xx—n? 0

Here P1(x) = (Xxfl) and Pp(x) = ﬁ Py is analytic everywhere
except at x = 1. P, is analytic everywhere except at x = 0 and
x =1. Thus x =0 and x =1 are singular points of the differential
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d?y

d
22t a1(0) 2+ a(x)y =0

200 gz dx

Theorem 24
Hypothesis:

The point xo is an ordinary point of the differential equation (84).

Conclusion:
The differential equation (84) has two nontrivial linearly
independent power series solutions of the form

oo
E cn(x — x0)"
n=0

and these power series converge in some interval |x — xp| < R
(where R > 0) about xq.

(cf. 84)
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The method of solution

Assume that the solution y is

o
y=a+alx—x)+alx—x)+=> clx—x)"

n=0
Then
d _ a +20(x —x) +3a(x —x0)? - = incn(x —xp)" !
dx ~
Py eyt 60s(xx0) L 12ea(x 30t =S (1 1)en(x—x0)" 2
—a = 20+603(x—x0)+12c(x—x0) +o =Y n(n—1)ca(x—x0)

252/676



We substitute y and its derivatives in the differential equation. We
then simplify the resulting equation

Ko + Ki(x — x0) + Ka(x —x0)2 +--- =0 (87)

In order that this equation be valid for all x in the interval of
convergence |x — xp| < R, we must set

Ko=Ki=Ky=---=0
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Example 94

Consider P J
y y 2
bt ol 2)y =
72 +xdx+(x +2)y=0

We want to find power series solution of this equation about
xp = 0. Solution has the form: y = >"7° ; cp(x — x0)”
Equivalently, y = > c,x”. This implies:

[e.e]

(o]
- = E ncnx”_l, g (n—1)cpx" -2
n=1

=2

Substituting in the differential equation we obtain

in n—1)cpx"" 2—|—xch,, n= 1+x22c,,x —I—QZC,, =
n=2
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Example 94 (cont.)

[o.¢] oo o0 o0
Z n(n—1)c,x" 2 4+ x Z nepx" L+ X2 Z Cpx" + 2 Z cpx"=0
n=1 n=0 n=0
0.) o o
n(n— 1)c,,x"_2 + Z nc,x" + Z Cax"T2 42 Z cpx" =0
n=1 n=0 n=0

o0 [ee] [ee]
n(n — l)c,,x”—2 + Z nc,x™ + Z Cpx"2 42 Z cpx"=0
n=1 n=0 n=0

n=2 =
———
1 2 3 4
(88)

Consider the first term and use n = m 4 2 transformation

oo o0 o0

D n(n—1)cax"? = (m+2)(m+1)cmiax™ =D (n+2)(n+1)cnyox"
n=2 m=0 n=0
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Example 94 (cont.)
Consider the third term and use n = m — 2 transformation

00 (%s) 00
E CnX’H_2 = E Cm_2Xm = E Cn_QX"
n=0 m=2 n=2

Now Equation (88) becomes

(o] (o] [o¢] [o¢]
Z(n +2)(n+ 1)cppax" + Z nc,x™ + Z Cpox"+2 Z cpx" =0
n=0 n=1 n=2 n=0
—_———
1 2 3 4

(89)
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Example 94 (cont.)
Now Equation (88) becomes

o0 o0 o0 o0
Z(n +2)(n+ 1)cppax" + Z nc,x™ + Z Cp_ox"+2 Z cpx" =0
n=0 n=1 n=2 n=0
~————
1 2 3 4

(90)
Obtain useful appearances of the terms:

o
Ist term: 2c, + 6c3x + Z(n +2)(n+ 1)chp2x”
n=2

oo
2nd term: ¢y x + Z ncpx"

n=2

o0
4th term: 2¢g + 2¢yx + 2 Z cnx"
n=2
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Example 94 (cont.)
Now Equation (90) becomes

o (o.)
2¢ + 6c3x + Z(n +2)(n+ 1)cpgax" + ax + Z ncpx”
n=2 n=2

o0 o
+ Z CnoX"+2¢co +2¢1x + 2 Z cnx" =0
n=2 n=2

— (2c0 +2¢2) 4+ (3¢1 + 6¢3)x

+Y [(n+2)(n+ 1)cnsa + (n+2)ca + cpa]x" =0
n=2
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Example 94 (cont.)
(2Co + 2C2) + (3C1 + 6C3)X

+> [(n+2)(n+1)cnya + (n+2)cp + cpo]x" =0
n=2

Recall the solution method for this step:
Ko+K1(X—X0)—|—K2(X—X0)2—|—--~:0 (Cf 87)

Equating every power of x to zero we have:

G =—Qq
1

G =—-3a
2

(n + 2)(” + ].)Cn+2 + (n + 2)Cn + Ch2 = 0

(n + 2)Cn + Ch—2
n+1)(n+2)

Chi2 = — 22
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@ =—0, &G=-—34
Example 94 (cont.)

(n+2)ch + cn2

Cn+2 it D(n+2) "=
Hence
- tetao 1
YT T2 T A
oo 2@ata 3
> 20 40t

The general solution is:

1 1 3
2 — §C1X3 + —c0x4 + —c1x5 + ...

=cg+ax—c¢
y 0+ c1x 0X 2 0

1 1 3
y=a(l =+ ) balo- 53+ o8 )
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Example 95
Use power series method to solve the ivp

2
DT 0Py =0 YO =2 HO)= 1 (@)
(x+1) <Z can(n —1)x ) (2—x) (i c,,nx"1> —|—§: cpx" =10
1 0

oo (o)
(Z can(n — )x" 1 + Z con(n — 1)x"_2> + ...
2 2
(—2 Z cnx" 1 + Z c,,nx") + Z c,x"=0
1 1 0
<Z chpr(k+ Dk +> " crralk +2)(k + 1)xk> +
1 0
(22 ckr1(k + 1)xk + Z Ckak> + Z axk=0
0 1 0
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(i ck+1(k + 1)ka + i ckro2(k +2)(k + 1)Xk> 4+ ...

0
(—2 Z Ck+1(k + 1)Xk + Z Ckak> + Z Ckxk =0
0 1 0
Example 95 (cont.)

2co — 2¢1 + o+
D Mk +2)(k + D)ckga + (k(k+1) = 2(k + 1)) + (1 + k)a] x* =0
1

2C2—2C1+C0+Z [(kz + 3k + 2)Ck+2 + (k2 —k — 2)Ck+1 + (1 + k)Ck] xk=0
1

2c0 — 21+ ¢ =0
(k* + 3k +2)chyn + (K2 —k—2)ckpr + (1 + k) =0, k=1,2,...
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20— 21+ ¢ =0
(k* +3k+2)cipa+ (K> —k—2)crp1 +(1+ k) =0, k=1,2,...

Example 95 (cont.)

C2:—§C0+C1
for k=1
1 1 1 1 1 1
cG3—20+20 , C3 3C1+3C2 361+3( 2C0+C1) 60
for k=2
12¢4 +3 —Oc—1—1(1+)—1c 1c
C4 G =V, C= 4_C2 =15 C+ca)= 8 0 2 1
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= c + ¢ c—lc c—lc 1c
2—20 1, €G3 = 60’4—80 41

Example 95 (cont.)

Form of the solution is:
y(x) =co + cax+ X’ + e3xd +axt + -

Using the ¢;’s we have

1 1 1 1
y(x) = c0+c1x+(—§c0+c1)x2+(—6co)x3+(§co— ch)x4+~ -
1 1 1 1
y(x) = Co(l—§X2—6X3+§x4+~--)+q(x+x2— Zx4+---)
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Example 95 (cont.)

1 1 1 1
y(x):C0(1—§x2—6x3+§x4+---)+c1(x+x2—Zx4+---)

Use the initial conditions: y(0) =2, y(0) = —1

1 1 1 1
a(l— X =X+ X"+ ot akx+ X =X+ )0 =22 =2
2 6 8 4
1 1 1 1
C%( Co(l_EXZ_6X3+§X4+...)+C1(X+X2_ZX“_i_...) Xzo:—l—)q:—l
Using ¢ = 2 and ¢; = —1 in the general solution, we obtain

1 1
y(x):2—x—2x2—§x3—|—§x4+---
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Solutions about singular points

Consider a second order homogeneous linear differential equation

2
ao(x )Z—+al(x)d +ax(x)y =0 (cf. 84)

and assume that xg is a singular point of (84). We are not assured
of a power series solution in positive powers of x — xg. However,
under certain conditions we may assume the solution of the form

y=lx=x|"> calx = x)" (92)

n=0

where r is a certain (real or complex) constant.
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ap(x )Z )2/ + al(x) + a(x)y =0 (cf. 84)

Let us classify the singular points. For this, normalize (84):

+ P>(x)y =0 (cf. 85)

where Py(x) = 200 and Py(x) = ai(x).

Definition 27

Consider the d.e. (84) and assume at least one of the functions Py
and P, in the equivalent normalized equation (85) is not analytic at
X0, SO that xp is a singular point of (84). If the functions defined by
the products

(x — x0)P1(x) and (x — X0)2P2(X)

are both analytic at xp, then xg is called regular singular point of
(84). Otherwise we call it irregular.
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If the functions defined by the products
(x — x0)P1(x) and (x — x0)?Pa(x)

are both analytic at xp, then xg is called regular singular point of
(84). Otherwise we call it irregular.

Example 96

Normalized form:

5 = =0
a2 2xdx | 2x2 7
Here Pi(x) = —2 and Py(x) = ’;—;25 Clearly xo = 0 is a singular
point of the d.e.
The products xPy1(x) = —1 and x2P>(x) = 5> are analytic at

x =0, so x =0 is a regular singular point of the d.e.
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Test: (x — x0)P1(x) and (x — x0)?Pa(x)

Example 97
x3(x — 2)2ﬂ +2(x — z)ﬂ +(x+1)y=0
dx? dx Y

Normalized form:

d?y 2 dy x+1

P x2(x — 2) dx - x2(x—2)2y =0
Here P1(x) = ﬁ and Pp(x) = ﬁ have the singular
points at x =0 and x = 2.
At x =0, xPy(x) = X(X2_2) and x?P,(x) = (;j;)z we see that

xP1(x) is not analytic at x = 0, so x = 0 is an irregular singular
point of the d.e.

At x = 2, both (x —2)P;(x) = X% and (x — 2)?2Py(x) = Xx—tl are
analytic, so x = 2 is a regular singular point of the d.e.
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ap(x )Z )2/ + al(x) + a(x)y =0 (cf. 84)

Theorem 25
Given that xq is a regular singular point of the d.e. (84), the d.e.
(84) has at least one nontrivial solution of the form

y=Ix=x0|")_ cnlx = x0)" (cf. 92)
n=0

where r is a definite (real or complex) constant which may be
determined, and this solution is valid in some deleted interval
0 < |x —xo| < R about xq. For the interval 0 < x —xp < R
solution becomes y = (x — x0)" > 72 o Ca(x — x0)"

Ay \

4
X AN 7 ]
YRy R X

bV
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Example 98
We saw in a previous example that x = 0 is a regular singular point
of the d.e. )
dy dy
22— — x=L 4 (x—5B)y =
X3 XdX+(x 5)y=0

By the theorem, this equation has a nontrivial solution in the form

oo
|x|" Z cnx"
n=0

valid in some deleted interval 0 < |x| < R about x = 0.
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The Method of Frobenius

2000 %Y 1 a1(x)

d
= Y4 a(x)y =0 (cf. 84)

dx

1. Let xp be a regular singular point of the d.e. (84). We seek a
solution of the form

y=(x—=x0)" >0 gcnlx —x0)"= D17 cn(x — x0)""" valid for

0 < x — xp < R. Note that for 0 < x — xp < R the term |x — xp|"
becomes (x — xp)". When —R < x — xp < 0 the following
procedure may be repeated by replacing x — xp by —(x — xp).

2. Term by term differentiation:

(@) d o 3
y = ; Cn(X _ Xo)n+r — d—i = ;(n =+ F)Cn(X — Xo)n+r 1
d? >
Ki =S (n+r)(n+r—D)ea(x —x0)™ 2
n=0

: 2, .
We substitute y, %, % in (84).
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2
ao(x )Z S+ ar(x )Ziﬂz(x)y:o (cf. 84)

3. Substitution results in an expression of the form
Ko(x — x0) % + Ki(x — x0) T + Ko(x — xo) T+ 42 4. =0
4. For a solution we must set
Ko=Ki=Ky=: =0

5. Equating K to zero we obtain a quadratic expression in r,
called indicial equation of the d.e. (84). The roots of this quadratic
expression is often called the exponents of the d.e. (84). Denote
the solutions r; and r, where Re(r1) > Re(r).

6. Now equate the remaining coefficients to zero. This leads to a
set of conditions involving r.
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20(x )‘j{ +al(x)d + a(x)y = 0 (cf. 84)
y= !x—XO\chn(x—xo)” (cf. 92)
n=0

7. We substitute r; for r in the conditions of step 6, and choose ¢,
satisfying the conditions. If ¢, are so chosen, the resulting series
(92) with r = r is a solution.

8. If n # rn, we may repeat the procedure of Step 7 using the root
r>. In this way we may obtain a linearly independent solution of the
d.e. (84). When r; and r, are real and unequal, the second solution
may or may not be linearly independent from the one obtained in
Step 7. Also, when r; and r are real and equal we do not get a
new solution. These are exceptional cases and treated later.
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Example 99
Solve )
doy  dy
ox2 =2 — x—=- —5)y =0
X TX +(x—=5)y
in some interval 0 < x < R. We saw previously that x =0 is a
regular singular point of the d.e. We, therefore, assume the solution

form
o
y = § Can+r
n=0

where ¢y # 0. Then

dy Z ~1
= =Y (n4r)cx"tr
dx pr
d2y S n+r—2
-3 = > (n+r)(n+r—1)cax
n=0
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d’y  dy

2 _
2x ﬁ—xajL(x—S)y—O
Example 99 (cont.)
Substitute y, %, 327}2’ in the differential equation:
o oo
2 Z(n +r)(n+r—1)c,x"" — Z(n + r)cpx™"
n=0 n=0
o0 o0
+Z cx"Hrtl g Z cpx™T =10
n=0 n=0

Let us simplify this:

oo o
Z[Q(n +r)(n+r—1)—(n+r)—5]cx"T" + Z Crx™ =0
n=0 n=1
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Example 99 (cont.)

ib(n +r)(n+r—1)—(n+r)—5]cx"T" + i X =0

n=0 ot

or
r(r —1) - r — Sleox”

+i{[2(n+ r)(n+r—1)—(n+r)=5]ch+ cro1 }x"T" =0

n=1

The lowest power of x has the factor (indicial equation)
2r(r—1)—r—-5=0.

Equating this to zero yields 1 = % and rn = —1. These are the
exponents of the the d.e. Notice that these numbers are real and
unequal.
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Example 99 (cont.)

The coefficients of the higher power x’s are equated to zero. This
gives a recurrence formula:

2(n+r)(n+r—1)—(n+r)=5lcn+¢cn-1 =0, n>1
Letting r=n = % yields:

) 3 )
[2(n+§)(n+§)—(n+§)—5]cn+c,,,1:O, n>1

This simplifies to:
n2n+7)ch +cp-1 =0, n>1

or
Cn—1

~ n2n+7) m=
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— >1
n(2n+7) "

Example 99 (cont.)

= @ C ﬂ i c C2 Y

YT oo P 221987 39 T2
So the solution corresponding to r = g is

5 4 9 u
y = (52—%X2+ﬁX2—ﬁx2 _|_)
= axz(l— gx+ q55%° — 77X’ + 1)

Recall that the form of the solution is:

o0

y = g X" = cox" + x4 x4 X3t +
n=0
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Example 99 (cont.)
Now let r = —1 and obtain the corresponding recurrence formula

2(n—1)(n—2)—(n—1)—=5]ch+¢cr-1 =0, n>1
This simplifies to:
n(2n—T7)chn+¢cp-1 =0, n>1

or

Ch—1
= - >1
cn n(2n—7)’ m=
This yields:
L c 1c L c 1c 1c
a==¢ =—-0=-—0c =-0=-—C,.--
1= 50 @=a =350 =30= 0
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1 1 1 1 1
aA=-¢, Q=-C0=--C, GB=-0Q=—C,...
1 5 0, 2 6 1 30 0, 3 3 2 20 05
Example 99 (cont.)

The solution

y = E X" = cox" + ax T+ x4 o3t

corresponding to r = —1 is
y = cx THi4mxt x> +)
= cx M1+ %x—l—;—oxz—l— 91—0X3+---)
The two solutions, corresponding to r = 2and rn = —1, are
linearly independent. Thus the general solution could be written as
5 1 1 1 1 1 1
= CGx2(1— N S v N Wi gy 1 il
Y (gt 1gg™ 77+ )T @ (Ihpxt g gg

5 30 90~

+ .

)

281/676



It is claimed in the beginning of this section that when r and r, are
real and unequal we may or may not find a second linearly
independent solution in the form of (92).

y=Ix=x|"> calx = x)" (cf. 92)
n=0

The following theorem states an existence condition for the linearly
independent solutions.

282/676



y=Ix=x0l")_ cnlx = x0)" (cf. 92)
n=0

Theorem 26

Let the point xo be a regular singular point of the d.e. (84). Let n
and ry [where Re(ri) > Re(rz2)] be the roots of the indicial equation
associated with xg. We can conclude that:

1. Suppose i — rn # N, where N is a nonnegative integer (that is,
n—r#0,1,2,...). Then the d.e. (84) has two nontrivial linearly
indep. solutions y1 and y, of the form (92) given respectively by

[ee] oo
y1=Ix =" cnlx —x0)" and yo =[x — x| Y _ dn(x — x0)"
n=0 n=0

where cg # 0, dy # 0.
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Theorem 26 (cont.)

2. Suppose 1 — rp = N, where N is a positive integer. Then the
d.e. (84) has two nontrivial linearly independent solutions yy and y»
given respectively by

[e.9]

n = ‘X — X()‘r:l ZC,,(X —Xo)n

n=0

where ¢y # 0, and

oo
y2 = |x — xp|"™ Z dn(x — x0)" 4+ Cy1(x) In |x — xo|
n=0

where dy # 0, and C is a constant which may or may not be zero.
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Theorem 26 (cont.)

3. Suppose ri — r» = 0. Then the d.e. (84) has two nontrivial
linearly independent solutions y1 and y» given respectively by

oo

yi=|x— xo|™ Zc,,(x —xp)"

n=0

where ¢y # 0, and

oo
yr = |x — x|t Z dn(x — x0)" 4+ y1(x) In|x — x|
n=0

where dy # 0.
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Differential operators

The general linear system of two first order differential equations in
two unknown functions x and y is of the form

a1(t) L + a(t) Y + as(t)x + aa(t)y = Fi(t)
bi() % 4 bo(£) % + ba(e)x + ba(t)y — Fal?) } (93)

Solution of the system is an ordered pair of real functions (f, g)
such that x = f(t) and y = g(t) simultaneously satisfy both
equations in some interval a < t < b.
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Definitions

A dx

Dx = —

T dt
A d"x

D"x =

X g
dx
D =2

(2D + 5)x o + bx

When x = t3 + sin t, this becomes

d(t® +sint)

(2D 4 5)(t3 +sint) =2 o

+5(t> +sint)

=2(3t* - cost) + 5(t3 +sint)
= 6t>+2cost + 5t +5sint
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A linear combination of x and its first n derivatives

d"x n dn1lx n . dx
a a Y a _ PR
0 gen L gpn—1 L

—+ apx
can be written in operators notation as

(D" + D"t + -+ a,.1D +a,) x

Linear operator with constant coefficients
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The operator agD"” + a;D" 1 + .- 4+ a,_1D + a, is denoted by L,
ie.,
L2 aD"+aiD" '+ 4 a, 1D+ a,

Assume that f; and > are both n times differentiable functions of

t, and ¢; and ¢ are constants. Then

Llcitfi + of] = allfh] + aL[f]
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Example 100
L =3D? +5D — 2 applies to 3t?> + 2sin t, then

L[3t% 4 2sin t] = 3L[t?] + 2L][sin t]

LHS: (3D? 45D — 2)(3t% 4 2sint)
— (18 — 6sint) + (30t + 10 cos t) + (—6t% — 4sin t)
= —6t> + 30t + 18 — 10sint + 10cos t
RHS: 3L[t?]+2L[sin t] = 3(3D* +5D —2)t*+2(3D? +5D —2)sin t

d , d d? d
3(3ﬁt +5d—t —2t )+2(3ﬁsmt+5d—smt—2sm t)
= 3(6 + 10t — 2t?) +2(—3sint + 5cost — 2sin t)

= —6t> +30t+ 18 — 10sint + 10cost
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Suppose two linear operators L; and Ly apply to f successively. If f
has sufficiently many derivatives

Lilyf = LhLyf = Lf

where L is the product of L; and L, using the rules of the
polynomial product.

Example 101

(D+1)(D+3)sint = (D +3)(D +1)sint = (D*>+ 4D + 3)sint
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Example 102
Consider " g

G t24 +3x+8y =2
In the operator notation

(2D—-3)x—2Dy =1
2D+3)x+ (2D +8)y =f

where f; 2 ¢ and f> 2
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Example 102 (cont.)
(2D—-3)x—2Dy =1
(2D +3)x+ (2D +8)y =

Lix+ Ly=*f
Lsx+ Lyy = 1

Lix + Loy = f1, multiply by Ly
Lsx + Lay = o, multiply by L,

Lalix + Laloy = L4f
Lolsx + Lolgy = Loy

(Laly — Lol3)x = Lafy — Loy

} subtract 2nd from the 1st
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Example 102 (cont.)

(Laly — Lol3)x = Lafy — Loy

[(2D + 8)(2D — 3) — (—2D)(2D + 3)]x = (2D + 8)t — (—2D)2
[8D? +16D — 24]x = 2 + 8t

1
[D2+2[)—3]x:t+Z

d?x dx 1
— 4+ 2— —3x=t+ - 95
dt? + dt x + 4 (95)

1 11
3¢ 1, 12

t —
— —
X =C€e + e 3 36
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Example 102 (cont.)

Reconsider
L1X + L2.y = flv
L3x+ Lyy = f,

Lix + Lry = £, multiply by L3
L3x + Loy = f, multiply by L;

Lslyx + L3loy = L3h
Lilsx+ LiLyy = Lif

(Laly — LoL3)y = Lifr — L3h

} subtract the 1st from the 2nd

[D2—|—2D—3]y:—§t—1

1 5
—y=kiet +hke 3+t 4+ —
y 1€ + koe +8 +12
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Example 102 (cont.)
Solutions to (95) and (96) are:

1 11
s x=ce tope -t =

1 5
S y=ke +hke 3+ Zt4 —
y 1€ + Koe +8+12

In x, for arbitrarily selected constants (c1, ¢2), (95) is satisfied
In y, for arbitrarily selected constants (ki, k2), (96) is satisfied
Recall

d? d 1
T£+2£_3X2t+1 (cf. 95)
d? d 3
d—tf+2d—{—3y:—§t—1 (cf. 96)

However, arbitrarily selected constants (c1, ¢z, k1, k2) do not work
for simultaneous solution of (94):
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Example 102 (cont.)

However, arbitrarily selected constants (c1, ¢z, k1, k2) do not work
for simultaneous solution of (94):

29 2% _3x =t }

cf. 94
2%+2%+3x+8y:2 ( )

Let us substitute the solutions of (95) and (96) into the original
equation (94) to resolve the issue of arbitrary constants. Generally
substitution in one d.e.of the d. e. set is sufficient for resolving the
arbitrary constants.
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Example 102 (cont.)

Let us consider any of the equations in (94), for instance, the first
one, to plug the solutions in it:

dx dy
2= 2 3y =
at Cdr X7l

2 1 11
[2c1et—6c2e_3t—§]—[2k1 et—6kze_3t+1]—[3c1 et+3cze_3t—t—ﬁ] =t

or
(—C1 — 2k1)et + (—9C2 + 6k2)ef3t =0

Thus we must have
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Example 102 (cont.)
General solution of (94):

111
x:clet+c2e_3t—§t—%
*—}cet—i-éce%t—i—it%—i

y=mhae T 8" T 12

or

2 1 11

— ket 4 Shye 3t Zp_ =

x &'+ 3hkee 3" 36

1 5

= ket + ke 3+ St 4+ —

y 1€ + Koe +’8 +‘12
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Example 103
Solve y — y = 0 using operator method.

(D*~1)y =0
(D-1)(D+1)y=0

Let 7 2 (D +1)y. The problem now can be expressed as two first
order differential equations:

(D-1)z =0
(D+1)y =

The first one is decoupled from the the other equation; we can

solve it separately:

(D—1)z:0—>%—z:O—>z(x):ceX
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d
(D—l)z:O—>d—)Z<—z:0—>z(x):ceX

Example 103 (cont.)
The second equation (D + 1)y = z uses the solution of the 1st
equation:

% +y =ce”
It is a 1st order linear d.e. Its integrating factor is
u(x) = el P(dx — of 1dx — o Multiply the d.e. throughout by
the integrating factor:

Q 2x

+ ey =ce

¢ dx
i 2x
dx

(e7y) = ce
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Example 103 (cont.)
X, 2x _ E 2x
ey = | cedx = 5 e +b

c
y = =€+ be™™
2
where b and c¢ are arbitrary constants. Compare this to the solution
we had by auxiliary equations method:

y=ce’+ e ™

where ¢; and ¢ are arbitrary constants.
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Example 104

y—3y+2y=¢
(D? — 3D +2)y = &
(D—1)(D—2)y =e*
Let z 2 (D — 2)y, then the other equation becomes (D —1)z = €*.

The equation (D — 1)z = €* is in terms of z only. Therefore, we
can solve it separately.

d
(D—l)z:ex—>d—z—z:ex—>z:xeX+AeX
x

We next solve the other equation (D — 2)y = z using the z
obtained above:
y — 2y = xe* + Ae*
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y — 2y = xe* + Ae*

Example 104 (cont.)

This is a 1st order linear d.e. with integrating factor e~
Standard solution procedure yields

2x
y = e — xe¥ — Ae* + Be*

Solve the above problem by the undetermined coefficients method
and compare the solutions.
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Example 105
Let D be the operator %. Find a general solution for

(D+2*(D—-1)x=0

Solution
Its characteristic polynomial has the roots —2, —2, 1.
Corresponding general solution is

x(t) = cre ™t + opte 2t + czet

where ¢1, ¢, c3 are arbitrary constants.
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The Laplace transform

Definition 28

Let f be a real valued function of the real variable t, defined for
t > 0. Let s be a variable that we shall assume to be real, and
consider the function F defined by

F(s) = /0 T ety dt (97)

for all values of s for which this integral exists.
The function F is called the Laplace transform of the function f.

An alternative notation for the Laplace transform F of f is L{f}.
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Two-sided Laplace transform

F(s) = / T st (1) de (98)

—00

is more general and useful for two-sided functions. It reduces to the
form

F(s) = /0 T ety dt (cf. 97)

for the "causal" signals.
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Example 106

o R
ft) =1, t >0 L{1} =/ e *!1dt = lim / e~St1dt
0 0

R—o0
_st7R N
. —e 5t . 1 e sR 1
= lim = lim |- — ——
R—o00 S 0 R—oo | S S S

for all s > 0.
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Example 107

L{t}

1
= for all s > 0.
s
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Example 108
Find Laplace transform of f(t) =t", t >0, ne {1,2,...}
Integration by parts

b b
/au(t)v’(t)dt:u(t)v(t)\g—/a V(8)d/ (£)dt

with

u=t" V(t)=et v =nt"1 v=—-Llet a=0 b=0c
oo <, 0

ﬁ(t"): £ —stdtH / = 1 e Stdt

_ ﬁ n—1
= SL‘(t )
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Example 108 (cont.)

[e¢) e—st o<, 0 n o]
L(t") = / t"e Stdt = M + / t"le~stdt
0 S 0 s Jo

= Treen

s
Recursive use of the above formula yields

1 1 1 1
1 - 0:7 -
L(t)_sﬁ(t) XL T 2
2 1
2y _ y_ % = _
,C(t)_sﬁ(t)_sxs2 i
3 3 2 6
3—7 2:7 _— =
E(t)—sﬁ(t) XA
n n!
'C(t)_SnJrl
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Example 109

> R
ft) =e™, t >0 L{e"} = / e *tedt = lim / e(a=9)t gy
0 0

R
. ela—s)t _ e(a—s)R 1 1
= lim = lim — _
R—oo | @a— S R—o0 a—s a—s s— 23
for all s > a.
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Example 110

b

f(t) =sinbt, t >0« L{sin(bt)} = el >0
Example 111
F(t) = cosbt, t > 0 «» L{cos(bt)} = -, s> 0

T2y
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Existence of the Laplace Transform

Some functions, such as f(t) = etz, do not have Laplace
transforms. For a function to have a Laplace transform, the
following integral must exist:

F(s) = /0 T ety dt (cf. 97)

When do such integrals exist? To answer this we need to define
piecewise continuity and being of exponential order first.
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Definition 29

A function f of t is said to be piecewise continuous on a finite
interval a < t < b if this interval can be divided into a finite
number of subintervals such that

(1) f is continuous in the interior of each of these subintervals, and
(2) f approaches finite limits as t approaches either endpoint of
each of the subintervals from its interior.
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Piecewise continuous function

Example 112

#1(1)

[
d T b t

Figure: Piecewise Continuous Function on [a,b]

—
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Example 113

f(t) = {15 is discontinuous at ¢t = 3. This function is not

piecewise continuous on any interval containing t = 3, because
neither lim;_ 3, nor lim;_,3_ exists.

J ()

@ 3

Figure: f(t) = 5
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Example 114

f(t) = 01 £<0 is discontinuous at t = 0. This function
cos(;) t>0

is not piecewise continuous on any interval containing t = 0,
because lim;_,o4 does not exist.

f(t)
| {\
0 \/ '
-1

Figure: f(t) =0 for t <0 and cos for t >0
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Definition 30
A function f of t is said to be of exponential order if there exist a
constant « and positive constants tg and M such that

1f(t)] < Me™* (99)

for all t > tg at which f is defined.

If f is of exponential order corresponding to some definite constant
« in (99), then we say that f is of exponential order e®t.
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Example 115

Every bounded function is of exponential order, for instance sin(bt)
t" is of exponential order

e? is of exponential order

et’ is not of exponential order.

Figure: €97t and t3 graphs show that t3 is of exponential order.
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Example 116

f(t) = sin(t) is of exponential order. Because we can find, for
instance, « = 2, tg = 0.1, M =5 so that

[f(t)| < Me®*
is satisfied for all t > tg. That is,
|sint| < 5e%t, forall t >0.1

Example 117

f(t) = t? is of exponential order. Because we can find, for
instance, « = 0.5, tp = 1, M =5 so that

1f(t)] < Me*
is satisfied for all t > t5. That is,

|t?| < 5e%%t, forall t > 1
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Theorem 27

Let f be a real function that has the following properties:

1) f is piecewise continuous in every finite closed interval
0<t<b, (b>0)

2) f is of exponential order e**. Then the Laplace transform

/ e *'f(t)dt
0

Proof Since f is of exponential order, there exist o, tg and M such
that

of f exists for s > «.

[F(t)| < Me®t, for t > tg

We can write

[e'e} to [ele}
/ e‘“f(t)dt:/ e‘“f(t)dt+/ e S'f(t)dt
0 0

to
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o0 to [e’e)
/ e_Stf(t)dt:/ e_Stf(t)dtJr/ e *f(t)dt
0 0 to

Part1 Part2

Part 1 exists because the integral has finite limits and the function
f(t) is piecewise continuous.
For the second part, for t > tg note that

[F(£)] < Me®t — |e 5t (t)] < Me (572t

M
%/) “f|m<M/ SW&<M/ e (ma)tgr —

S—«

for s > a.
This shows that the integral ftzo |e™Stf(t)|dt exists. This implies

that [~ e **f(t)dt exists.
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[e%] to [e%e]
/ =St () dt = / &St ()dt + / et (t)dt
0 0

to

Part1 P,;:tQ

Integrals exist for part 1 and part 2. This shows that the integral

/ e *'f(t)dt
0

exists.
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Theorem 28

Let fi and > be functions whose Laplace transforms exist, and
1, ¢ be constants. Then L{c1f + ©h} = al{f}+ ol{h}.
Proof

L{af +ah} = / (afi + c2h)edt
0

= / (cafhe ™ + cohe t)dt
0
= ¢ / fre stdt + ¢ / fe Stdt
0 0
= =al{ha}+ al{k}

c1fi + oh is piecewise continuous because it is a linear
combination of piecewise continuous functions. Let us show that
cafi + cobh is of exponential order:
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Proof (cont.)

c1fi + oh is piecewise continuous because it is a linear
combination of piecewise continuous functions. Let us show that
c1fi + cbh is of exponential order:

|| < Mype! for all t > t1g, for some tig and as;

|| < Mpe®2t for all t > tyg, for some ty and ap.

Note that

i + ehl < [alli] + |ellh] < (|alM + ol M)e, for t > f
where a = max{a1, ax}, M = max{ My, Ma}, to = max{tio, tao}

This shows that ¢;fi + ¢ f; is of exponential order.
O
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Example 118
L(2sint +5t3) = 2L(sin t) 4+ 5L(t°)
Example 119

L(5t%) = 5L(t%)
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Theorem 29

Let f be a real valued function that is continuous for t > 0 and of
exponential order e**. Let f' be piecewise continuous in every finite
closed interval 0 < t < b. Then L{f'} exists for s > o and

L{f'} = sL{f} — £(0).
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Example 120
It is known that L{sin bt} =

This implies £{(sin bt)'} =
By direct computatlon.
L{bcos bt} = 2+b2

serb2
b
sz—l—b2

Example 121

L{t) = 3 - £{(5)} = sk — tlo = L
By direct computation:
{1} =1

—sin(b - t)i=o

__ _bs
T s24p2?
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Theorem 29

Let f be a real valued function that is continuous for t > 0 and of
exponential order e*t. Let f' be piecewise continuous in every finite
closed interval 0 < t < b. Then L{f'} exists for s > « and

L{f"} =sL{f} — (0).

Proof of Laplace transform of a derivative

) R
E{f’(t)}:/0 e_Stf,(t)dt:RlToo/o e *'f'(t)dt

In the closed interval 0 < t < R, by hypothesis, ' has at most
finite number of discontinuities, denote them by t, to, ..., t, with
t) <ty <--- < t,. Then we may write
fOR e Stf'(t)dt =

Jot e st (t)dt + ft? e St/ (t)dt + - + f’f e Stf/(t)dt

t
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JFemstf(t)dt =
t1 tz R
[ esrodes [Testroder ok [Ce o
0 t1 th
1

Integration by parts

!
—st t " —st —st t2 ? —st
= [y s [ e s [ O] s [ e e
t1
t B R :
@) s [ e (O @] s [ e e
ta tn
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t1

t2
e F(e)dt + [e ()] 2 45 / e St F(t)dt

t1

= [e7f(t)] 81 —i—s/

0

t3 R
et s [ e H(Oder [ (@] s [ e (e
ta tn

= e N f(n) — e 07(0) + 5 fy! e F(r)dt
+e 2 f(ty) — e 1 f(t) +sf “tf(t)dt

+e Bf(t3) — e 2f(t) +sft3 e Stf(t)dt + - -
e RF(R) — e f(ty) + 5 [X e 5tf(t)dt
The integral thus reduces to

R R
/ e S F/(t)dt = —F(0) + e FF(R) + s/ e ' f(t)dt
0 0

333/676



The integral thus reduces to

R R
/ e~tF(£)dt = —£(0) + e~ RF(R) + 5 / et F(t)dt
0 0

By hypothesis, f is of exponential order e®t, therefore,

|f(R)| < Me®R for all R > Ry for some o, M and Ry. So we have
le=sRF(R)| < Me=(=R for all R > Ry for some M and Ry.
Thus, if s > «,

lim Me (=R =0 - |im e *Rf(R) =0

R—o00 R—o00
and
R
i s/ =St F(t)dt = sL{F(1))
R— o0 0
R
Iim/ et F(£)dt = —F(0) + sL{F(1)} 0
R—o0 0
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Theorem 30

Let f be a real valued function having a continuous (n — 1)st
derivative f("=1) for t > 0; and assume that f, ', f", ... f(n=1)
are all of exponential order e®t. Suppose (" is piecewise
continuous in every finite closed interval 0 < t < b. Then L{f("}
exists for s > a and

L{FMY = s"L{f}—s"1F(0)—s"2F'(0)—s"2F"(0)—...—F(""1)(0)

Example 122

LF(t) = s>F(s) — sf(0) — £(0)
LF(t) = s>F(s) — s*f(0) — sf(0) — £(0)
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Theorem 31
For a given f let L{f} exist for s > «. Then for any constant a,
L{e**f(t)} = F(s — a) for s > o+ a, where F denotes L{f}.

Proof

L{et (D)} = / T etf(t)e st
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Example 123

Then
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1 s
f(t) «» F(s) Then for any constant a > 0, f(at) <> 3 F(2)

/ f(at)e s'dt = 1/ f(r)e G)dr = E/:(f)
0 0 a 'a

a
Example 124
1
t
¢ s—1
Then . . .
et o = x —
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Theorem 32
Suppose f has Laplace transform F. Then

L) = (1)L IF()

Proof

> d"F(s) > d"
= f(t)e tdt < = f st
F(s) /0 (t)e on /o (t) s”e dt

Use %e‘“ = (—1)"t"e " in the above equation:

d”dfjs) = /OOO F(£)(~1)"t"e*tdt

(1 FG) /OO t"f(t)e St dt

ds" 0
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Example 125

L(t3) = L(t? x t) = (—1)? j; [512} = 5%
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Definition 31
For each real number a > 0, unit step function u, is defined for

nonnegative t by
0; t<a
ua(t) = { 1, t>a

ugt)
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o
o

Some Properties of u,

/Ot uy(t)dt = /at us(t)dt

342/676



Theorem 33

Suppose f has Laplace transform F, and consider the translated
function defined by

R

Then L{uy(t)f(t — a)} = e @ L{f(t)} = e *F(s)

fit)
WA

3 0 24 t
fit-5)

N

4 T 9t

—

5 t
uit5)
A

3 0 245 7 9t

2
us(t)
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Proof

g

L(us(t)f(t—a)) = us(t)f(t — a)e *tdt

g

f(t—a)e *dt

f(u)e s(uta gy

8

~-

(u)e~SUe~*duy

|
o\.,c\gn\h

— e—as/ f(u)e*“du
0

= e ¥ f(t)e *'dt
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Example 126

0, O<t<b
g(t)_{ t—3, t>5

Before applying the theorem to this translated function, we must
express the functional values t — 3 for t > 5 in terms of t — 5. That
is we express t — 3 as (t — 5) + 2 and write

(1) = 0, 0<t<5
g\ = (t—5)+2, t>5

0, 0<t<b
u5(t)f(t_5)_{ (t—5)+2, t>5

where f(t) = t+2, t > 0. Hence we apply Theorem 33 with
f(t)=t+2 F(s)=L{t+2}=L{t}+2L{1} =% +2.
Therefore,

L{us(t)f(t —5)} = e >°F(s) = ef55(si2 + %)
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The inverse Laplace transform

Theorem 34

Let f and g be two functions that are continuous for t > 0 and
that have the same Laplace transform F. Then f(t) = g(t) for all
t>0.

For the continuous functions the Laplace transform is one-to-one.
In other words, for continuous functions f and g, £(f) = L(g)

implies f = g
Example 127
Find the inverse Laplace transform £~ {m}
1 1 1 2 1
= X s 4> —e lsin2t

2465113 (s+3)2+22 2 (s+3)2+22 2
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Example 128

1 _A BsiC
s(s2+1) s s2+1
1 A(s2+1)+Bs+C§
s(s2+1) s(s241)  s2+1s
1 _A(s?+ 1)+ (Bs+ C)s
s(s2+1) s(s2+1)

1=A(s*>+1)+(Bs+C)s
1=(A+B)s>+Cs+ A

e T R

s2 41

1
s(s2+1)

}=1—cost
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Example 129

5*1{545(3—2 + 2)} = ua(t)f(t — 4)

with f(t) =2t +5.
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Definition 32
Let f and g be two functions that are piecewise continuous on
every finite closed interval 0 < t < b and of exponential order. The

function denoted by f x g and defined by
t t
f(t) x g(t) = / f(r)g(t—7)dr = / g(r)f(t—7)dr
0 0
is called the convolution of the functions f and g.

The equality of the two integrals above follows by making the
change of variable t — 7 = £ in the first integral.
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Properties of convolution integral:

frg=gxf commutative law
fx(gn+ag)="Ffx*xgi +fx*g distributive law
(Fxg)xh="F=x*(g=xh) associative law
Fx0=0xf=0

Theorem 35

Let the functions f and g be piecewise continuous on every finite
closed interval 0 < t < b and of exponential order. Then

L{fxg}=L{f} L{g}
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It is not in general true that f x 1 = f:
t t
f*lz/ f(t—T)'ldT:/ f(t—7)dr
0 0
For instance, when f(t) = cost we have
t t
(F «1)(t) :/ f(t—T)dT:/ cos(t — 7)dr = —sin(t — 7)|:
0 0

= —sin(0) + sin(t)

= sin(t)

Similarly, it may not be true that f x f is nonnegative.
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Example 130

o= y(0)=3

Take the Laplace transform of both sides. Let the Laplace
transform of the unknown function y be Y which is also unknown
meanwhile.

sY —y(0)—2Y =

s—5 s—5

Y — 3s—14 A n B
C(s—2)(s—5) s—-2 s-—5

To find A, multiply both sides by (s — 2) and evaluate at s = 2:

3s — 14
o 5 AT - Ty
3s—14 B
-5 Mis G
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Example 130 (cont.)

3s—14 B
T At —— x(s—2
(s—5) +S_5><(s )

2—14 B 8
3x2- 1 4L B -9 sa=t
(2—5) 2-5 3

To find B, consider the eqution

s=2

Y — 3s—14 A n B
(s—2)(s—5) s—-2 s—5

multiply both sides by (s —5) and evaluate at s = 5. This gives B
as % Thus

3s— 14 8 i 8 1
Y: — 3 3 (_)721‘ -
G-2)5-5) s—2 s—5 3° T3¢

5t
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Example 131

d?y dy ,
_27 —_— p— p— pr—
a2 - 8y =0, y(0)=3, y'(0)=6

{s?Y —sy(0) = y'(0)} —2{sY - y(0)} —8Y =0
[s? —25—8]Y —35=0
3s A B

Y: =
(s—4)(s+2) s—4+s+2

3s
[ R
3s
B= [(s—4)(s+2)
3s 2

1
Y: — <_>2 4t —2t
5_4)(5+2) s—4 sy2 ¢ T€

><(s+2)} =1

s=—2
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Example 132

d2y -2t o /

F—i—y:e sint, y(0) =0, y'(0)=0
IS S
[(s+2)2+1]

1

{s*Y —sy(0) = y'(0)} + ¥V =

{s?’Y —s0 -0} + Y =

[(s+2)2+1]
B 1 _As~|—B+ Cs+ D
(24 1)[(s+2)2+1] 241 (s+2)2+1
1 _As+B(s+2)P7+1 Cs+D s?+1
(s24+D[(s+2)2+1] s2+1(s+2)2+1 (s+2)2+1s2+1
1 (As+ B)((s +2)® + 1) + (Cs + D)(s® + 1)

(s2+1)[(s+2)2+1] (s2+D)[(s+2)2+1]
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Example 132 (cont.)

1 _ (As+B)(s+2?+1 (Cs+D) s*+1
(s2+1)[(s+2)2+1] s2+1 (s+2)2+1 (s+2)2+1s2+1

1 _ (As+B)((s+2)2+ 1)+ (Cs+ D)(s* + 1)
(s2+)[(s+2)2+1] (s2+1)[(s+2)2+ 1]

1= (As+ B)(s® +4s +5) + (Cs + D)(s* + 1)
1=(A+C)s>+(4A+ B+ D)s* + (5A+ 4B+ C)s + (5B + D)

A+ C =0
4A+B+D = 0 -1 . 1 1 3
5A+4B+C = 0 A‘?’B_é’c_@D_s
58+ D =1
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Example 132 (cont.)

2
3 - +
G12P+1 (542241 (s+27+1

55 5 L(s+2) .\ L
s?4+1 241 (s+2)+1  (s+2)

+1

1 1 1
y(t) = ?cost—i—7sint+§e—2tcost+7e_2

t -
sint
8
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Example 133

dy d’y  _dy
L4l 5% 1oy —10cost, y(0) =0, y'(0) =0, y"(0) =3
J3 A th cost, y(0) =0, y'(0) =0, y"(0)

{s°Y — $?y(0) — sy/(0) — y"(0)} + 4{s”Y — sy(0) — y'(0)}

S
Y - oy =1
+5{sY — y(0)} +2 = 10"
{$Y —s?0—s0—3}+4{s’Y —s0—0}+5{sY —0}+2Y = 10 i .

Y -3}1+4 Y} +5{sY}+2Y =10
{5 } {5 } {5 } 52 1

3s2 4+ 10s + 3 A B

B B n n C +D5+E
C(s+2)(s+1)%(s2+1) s+2 s+1 (s+1)2 s2+1
-1 2

2 s 2
_s+2+s—i—1_(s+1)2_52+1+52+1

y(t) = —e 2t 4 2e7t —2te”t —cost+2sint
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Example 134
& _6x+3y = 8et
%—2x—y = 4et
%(0) = -1, y(0)=0

In Laplace domain :

SX+1-6X+3y = 2B
sY —2X - Y A
(s—6)X +3yY = ==t
4
X4 (s-1)Y = A
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Example 134 (cont.)

(s—6)X+3Y = =9
—2X+(s—1)Y = A

In matrix notation:

AL

fay

—s+7 2
Xe——t0 vy 2
(s—1)(s—4) (s —1)(s—4)
-2 2
o x(t) = —2et + e*t) y(t) = ?et + §e4t
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Example 135
Consider the differential equation

2y +y+2y =g(t), y(0) =0, y(0) =0
where
1 5<t<20
60 =u() - w0 ={ o 125350
The d.e. in the Laplace domain is

e—5s

252Y(s) —2sy(0) — 2y(0) +sY(s) — y(0) +2Y(s) =

(100)

e—20$
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262¥ (5) ~ 25/(0) ~ 27(0) + s¥(s) — y(0) +2¥(5) = - —

S s

Example 135 (cont.)

—bs  o—20s

e

252Y (s) 4+ sY(s) +2Y(s) = :

e‘55._ e—20$

I )

It can be written as
Y(s) = (e7% — e 2%5)H(s)
where )
H(s) = s(2s2+s5+2)
h(t) = L7YH(s) = y(t) = us(t)h(t — 5) — uao(t)h(t — 20)
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(252 +5+2)
Example 135 (cont.)
a bs + ¢
His) =3 252 +5+2
v b _sth 3 1Gebel
s 2s2+s+2 s 2(s+ 2+ B
h(t) = % - % [efﬁ cos(V/15t/4) + (v/15/15)e 4 sin(\/ﬁt/4)]
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h(t) = 5 — 5 [ cos(v/I5t/4) + (VIB/15)e % sin(v/T5t/4)

y(t) = us(t)h(t —5) — uxo(t)h(t — 20)
Example 135 (cont.)

Yy
0.8

0.6
04

0.2

10 20 \/ 307 40 1
_027
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Partial Fractions Decomposition

[The Laplace Transform: Theory and Applications, Joel L. Schiff]

Consider quotient of two polynomials

P(s)
Q(s)
where the degree of Q is greater than that of P, and P and @ do

not have common factors. Then F can be expressed as a finite sum
of partial fractions.

F(s) =
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(i) For each factor of the form as + b of Q, there corresponds a
partial fraction of the form

A
as+b

where A is a constant.

(ii) For each repeated factor of the form (as + b)" of Q there
corresponds a partial fraction of the form
A1 Az An-1 An
as+b * (as + b)? o (as + b)"—1 * (as+ b)"

where A1, A, ..., A, are constants.
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(iii) For every factor of the form as® + bs + ¢ of Q there
corresponds a partial fraction of the form

As+ B
as2 + bs + ¢

where A and B are constants.
(iv) For every repeated factor of the form (as® + bs + ¢)" of @
there corresponds a partial fraction of the form

A]_S + Bl A25 + Bz o An,1$ + anl AnS + Bn
as? + bs+c  (as? + bs + ¢)? (as? + bs +c)"—1  (as? + bs + c)"

where A1, Az, ..., Apn, By, Bo, ..., B, are constants.
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Example 136

52 _A1+A2+A3+A4
(s+2)(s+3)(s+7)* s+2 s+3 s+7 (s+7)2

P S,
GG+73 (st 7)°

Example 137
4s . A Bis + B>
(s+4)(s2+3s+7)3 s+4 (s2+3s5+7)
Bss + By Bss + Bs

(s24+35+7)2 (s2+3s+7)3
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Time Domain Function Laplace Transform

1 5

edt ﬁ
sin(bt) sszz
cos(bt) i
t"(n=1,2,...) o
t"e¥(n=1,2,...) #
tsin(bt) ﬁ
t cos(bt) %
e 2 sin(bt) (s—l—a)ﬁ
e~ 2t cos(bt) %
us(t) e”

S

Table: Laplace Transforms table
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Summary
Laplace transforms of derivatives:

L{f'} = sC{f} — £(0)
L{f"} = sL{f} — sf(0) — £'(0)

L{fM} = s"L{f} - Z s f(71(0)

i=1
Differential equation and initial conditions:

zn:a,-f“)(t) = ¢(t), f(0) =
i=0

Laplace Transform:

Zaﬁ{f t)} = L{¢(t)}

[,{f(t)}Za;si - ZZa s FUD(0) = L{g(t)}
i=0

i=1 j=1
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L (1) za,s—zzas—Jf“ = £{o(1)}

i=1 j=1

L{o(t)} + 3074 }:1 ais' I ¢j1
Yo ais’

If all the initial conditions are zero, that is,

L{f(t)} =

FD0)=c=0 Vie{0,1,2,..n}

Then the Laplace transform of the d.e. reduces to

- {2
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Example 138

2y 43y —2y = te ', y(0) =0, y(0) = -2

2(s2Y(s) — sy(0) — y(0)) + 3(sY(s) — y(0)) — 2Y(s) = s +1 2)?
(25> +3s —2)Y(s) + 4 = (5+12)2
1 4 —4s% — 165 — 15

[ eP Py P ) ) R (T | PRI
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—4s2 — 165 — 15
(2s—1)(s+2)3

Y(s) =

Example 138 (cont.)

Y(s) = 1 [ —192 % 10 = 25
- 125\ 2(s— 3) T2 (s+2)2 (s+2)3
1 —2t —2t 25 2 _—2t
y(t) = o8 < 96e + 96e™“" — 10te yte
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Example 139

Consider
ty+y+2y=0, y(0)=1

Let us transform the equation into the Laplace domain. We first do
it for the first term. The properties

y ¢ 7Y —sy(0) — y(0)

and

LR = (1)L IF(s)
imply
ty < (—1)1;{:1[52»/ — sy(0) — y(0)] = —s?Y —2sY +1

The given d.e. thus have the Laplace domain representation:

(—s2Y —2sY + 1)+ (sY —1) +2Y =0
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Example 139 (cont.)
The given d.e. thus have the Laplace domain representation:

(=s°Y —2sY + 1)+ (sY —1)+2Y =0

- 1 2
S S

This is a 1st order linear differential equation in independent

12
variable s. Its integrating factor is u(s) = ef(s sz)ds = ses
Recall that for the 1st order linear d.e.’s we have
[ef P(x)dxy]/ _ ef P(X)dXQ(X) (Cf 34)
Thus ,
' -5
[Y(s)se%} =0—Y(s) = CeT
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Example 139 (cont.)
Power series expansion of the exponential term for |s| > 0 yields:

Ce 3 C = ( "2" C 2 2 4
Y(S) Snz: n's” <1_S+52 353+>

o= (=1 /12 2 4
0

n=

Now take the inverse Laplace transform:

oo
(=1)"2"t" 2 2.3
t)=C ———=C(1-2t+t"— =t o
y(t)=CY ()2 -
n=0
The condition y(0) = 1 gives C = 1. Thus the result is
o n ngn
2 t 2
Z —1—2t+t2—§t3+...
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Bessel's Equation

Consider the second order linear differential equation

d’y | dy
2 2 .2
tr—= +t— tc — =0 101
where v is a constant. Equation (101) is known as Bessel's
equation. For each constant v, Bessel’s equation has two linearly
independent solutions denoted by J,(t) and Y, (t), called,
respectively, Bessel function of order v of the 1st and 2nd kind.
Consider the zero-th order case, i.e., v =0:

d’y | dy

t— + —+ty=0

T
with initial conditions y(0) = 3, y(0) = 0. Let us transform the
above equation into the Laplace domain.

212~ 5y(0) — H(O)] + [sY — y(0)] - LY =0
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~ 212~ 5y(0) — H(O)] + [sY — y(0)] — LY =0

d., d
_E[S Y—3s]—|—[5Y—3]—£Y—O
dY d
—s?2=— —25Y +34sY —-3——Y =0
ds ds
dY

2
1) — Y=0
(s + )ds+5
ﬂ—k sds _ 0
Y " s241

1
InY+§In(s2—|—1):c1

INY(s2+1)2 =¢, Y(s*+1)2 =e, YV =
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y(t) = ch(t)
Noting that y(0) = 3 and Jy(0) = 1 we write
y(0)=ch(0) 3=c-1—>c=3

Solution is, therefore,
y(t) = 3Jo(t)

Next we obtain an explicit representation of Jy in terms of known

elementary functions. This will show that Jy(0) = 1 is indeed true.
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We used the fact

L(h) = ,s>0
(o) s?+1
1 1 1
L(S)=—F—==—-(1+ —2)_%, s>0
s21+%) ° ¢
Binomial theorem " (1 + x)" =1 + nx + ”(n D2 4. implies
1 11 31 51
Lh)=-""F+-F——==+ 0
(o) s 2s3+855 16s7+ e

Now we take the inverse Laplace transform:

2 4 £©

) =1t ma
e (_1)nt2n
Jo(t) = Z 22n(l)2
n=0

is the power series representation of the Oth order Bessel function
of the 1st kind.

380/676



The matrix method

Consider the linear system of the form

dxa

gt = d11X1 T apXe + -+ aipXy
% = anXi + apXp + -+ axpXy
. (102)
b _
g = aniX1+ amXa2 4 - 4 anpXn
Define
dil d12 ... din X1
a1 ax» ... azp X2
A= ;o X =
dnl dp2 ... dapn Xn
Now (102) can be written as
dX
— = AX 103
™ (103)
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Example 140
Consider the linear system of the form

% = 4x1 +3x — 3x3
% = 6xo+2x3
% = x1+5x3
Define
A 4 3 -3 A X1
A=10 6 2 X = x
10 5 X3
A compact notation
dX
— = AX
dt
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Definition 33
By a solution of the system (102), that is, of the vector differential
equation (103), we mean an n x 1 column vector function

#1
@2
b = ]
®n
whose components @1, @7, ..., ¢, have a continuous derivative on
p
the real interval a < t < b, and
d
% = an¢g1 +ang2 + -+ andn
d
2 = a1+ ands + -+ andn
b
j; - an1¢1 + an2¢2 + tt + ann(bn

holds for all t on a < t < b.
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Example 141
Consider the linear system of the form

d
dTXtI = x1—3x
G = 2 +2x

Following vector function is a solution:
o o4t
= | _ett
Above function has continuous derivatives and satisfies the linear
system in (—o0, 00):
4t
dle™) g4t _ 3(_e4t)

dt
_ a4
d(d:t) 04t 2( e4t)
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Xm

dxo
dt

dxn
dt

Theorem 36

ai1x1 + apxo + -+ + ainXn
ari Xy + axpxp + -+ + axnXp

(Cf. 102)
aniX1 + ap2X2 + -+ + apnXp
dX
— = AX f 1
™ (cf. 103)

Any linear combination of the solutions of the homogeneous linear
system (102) is itself a solution of the system (102).
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Example 142
Consider the linear system of the form

d.
dT)? = x31 —3x
% = —=2x1 +2x

and the functions
e4t 3eft

®; and &, are solutions to the given linear system in (—o0, 0), so
is their linear combination

et 3et
(][]
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dxy
dxo
dt

dxn
dt

Theorem 37

aiixy + appxo + -+ + ainXn
a1x1 + axpxp + -+ + axnXn

aniX1 + apaX2 + -+ + apnXp

dX

= = AX
dt

(cf. 102)

(cf. 103)

There exist n linearly independent solutions of the homogeneous
linear system (102). Every solution of system (102) can be written
as a linear combination of any n linearly independent solutions of

(102).
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Definition 34

Let
¢11 ¢12 ®1n
$21 $22 ®2
o, = . o) = . P, = u
¢n1 ¢n2 d)nn
be n linearly independent solutions of the homogeneous linear
system (102). Let c1, ¢2,...,cy, be n arbitrary constants. Then the
solution

X=a®P1+ P+ +c?,

is called a general solution of the system (102).
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Example 143
Consider the linear system of the form

d
dTth = x1—3x
G = 2 +2x

The functions ®; and ¢,
e4t 3e—t
o= | S| eam 3]

are two linearly independent solutions to the given linear system in
(—00,00). General solution of the linear system is

x(t) ] _ et Le 3e7t
x(t) | — M| —ett 2| 2et
where ¢ and ¢ are arbitrary constants.
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Definition 35

Consider the n vector functions ®1, 5, ..

by
b1 b12
>, — <Z>:21 0= ¢>:22
¢;11 d).n2
The n x n determinant
P11 P12
b1 P22
¢>;11 Pn2

is called Wronskian of the n vector functions &1, ®», ...

., ®, defined respectively,

¢1n
i P = qb.2n
®nn
¢1n
¢2n
Gnn
,®,. We

will denote its value at t by W(®1(t), P2(t),...,Pa(t)).
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dxy

g = auxXi+axy 4 -+ aipXy
% = anXxi + axpXo + -+ axpXs
: (cf. 102)
Li;tn = amXi + anp2Xp 4 -+ -+ appXp
Theorem 38
n solutions ®1,®,, ..., &, of the homogeneous linear system (102)

are linearly independent on an interval a < t < b if and only If
W (d1(t), Pa(t),...,Pn(t)) #0 for all t € [a, b].
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Theorem 39

Let ®1,®,,..., P, be n solutions of the homogeneous linear
differential equation (102) on an interval a <t < b. Then either
W(®1(t), Pa(t),...,Pn(t)) =0 for all t € [a, b] or

W(d1(t), P2(t),...,Pn(t)) =0 forno t € [a, b].
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Example 144
Consider the linear system of the form

d.
dT)? = X1 — 3X2
G = 2 +2x

and their solutions

et 3e7t
o= g ][00

Their Wronskian is

e4t 3e—t

4t —t —t 4t 3t
=e""2e "—3e " (—e = be
—e4t 2e t ( )

W(@1(t), ®a(2)) = \

Since 53 #£ 0, ®; and ®, are linearly independent.
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i
V2

Solutions have the form X(t) = Ve’ where V.= | ~ | and X is
Vn
a scalar. Recalling
dX(t
(®) _ ax() (cf. 103)
dt
substitute X(t) = Vet into (103) to obtain
AVelt = Avel
— AV = AV
— AV = AV
— AV =XV =0
(A-X)V = 0
(A— )V =0 (104)
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a1l di2 -+ diln 1 0 0 %1 0
ar1 a2 -+ aop 01 0 Vo 0
_ — Al . . =
anl  anm ann 0 0 1 Vy 0
a1 — A an E ain Vi 0
a1 ax—A - azxn V2 0
anl an2 - Vn 0
vi
. . . V2 .
This equation holds only for certain A\ and . pairs.
Vi
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This equation set has a non trivial solution if and only if

air — A ar e atn
a1 ap —A .- azn 0
. - b
anl an2 e dnn — A

or in matrix notation |A — A/| = 0. This is called characteristic
equation for system (103). The X values satisfying the
characteristic equation are called characteristic values of (103).
Solutions of (104) corresponding to characteristic values are called
characteristic vectors of (103). Recall that

ox _
dt
(A= AV =0 (cf. 104)

AX (cf. 103)
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aX
=
General solution form of (103) depends on characteristic values and
characteristic vectors of A. There are 2 cases:
Case 1 A has n distinct characteristic values.

AX (cf. 103)

Case 2 A has less than n distinct characteristic values.
In case 2 at least one of the characteristic values is repeated.
Denote its multiplicity by m, and its number of linearly independent
characteristic vectors by p (where p < m)

Subcase 2a p=m

Subcase 2b p < m
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Case 1: n distinct characteristic values

Suppose that each of the n characteristic values A1, Ao, ..., A, of
the n x n square coefficient matrix A of the differential equation is
distinct and let V(1) V) V(") be a set of n respective
corresponding characteristic vectors of A. Then the n distinct
vector functions Xy, Xo, ..., X, defined respectively by

Vi1 V12
(1) At V21 At (2) Aot V22 Aot
Xi(t) = ViHeMt = et Xa(t) = Vidett = . e

Vnl Vn2
Vin
V2n

, Xn(t) = v(meint — _ et

Vnn

are solutions of the vector differential equation (103) on every real
interval [a, b]. This can be verified by direct substitution.
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Now consider the Wronskian of the n solutions X1, Xz, ..., X,:

VileAlt V12eA2t VlneA"t
Vo1 e)\lt Voo e)\gt V2ne>\"t
Vil e)\lt Vn2e>\2t V,me>‘”t
Vit Vi2 s Vi
V V ... V
_ oPatdatpan)e | 2 T2 2n 20
Vn1 Vn2 ' Vnn

Since exponential functions never result in zero, and from linear
algebra eigenvectors corresponding to distinct eigenvalues are
linearly independent which makes the determinant above nonzero.
The n solutions X1, X5, ..., X, are linearly independent.
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Theorem 40
Consider the homogeneous linear system

da

at ai1 4a12 -+ din X1
d
T a1 axn o A X2
d
jt" dnl dn2 ' ann Xn

That is, the vector differential equation

dX
== AX
dt

with obvious definitions. Suppose each of the n characteristic
values M\, \a, ..., A\ of A is distinct; and let V(U v@) . v(n)
be a set of respective corresponding characteristic vectors of A.
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dxy
dt
dxo

dt

dxn
dt

= ayxy +awxe+ -+ ainXxn

= apixy + axpxg+ -+ anXp (cf. 102)

= apiX1 + an2X2 + -+ + anpXn

Theorem 40 (cont.)

Then on every real interval, the n vector functions defined by

vDehit (@ ehat (0 Aat

form a linearly independent set of solutions of (102), and

X(t)=¢q vt o o y@erat o4 C,,V(”)e’\"t,

where c1, ¢, . .

of (102).

., Cn are n arbitrary constants, is a general solution
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Example 145

Consider
Sa 7 -1 6 x1
“e | = -10 4 -12 X2
d
& -2 1 -1 X3

or in vector-matrix notation

dX
— = AX
dt
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Example 145 (cont.)

7-\ -1 6
—S]A=M|=| =10 4—Xx —12 | =X*—10)\%+31A—30
—2 1 —1-—2)

Characteristic values are obtained by equating characteristic
polynomial above to zero:

M=2 =3 A=5

Let us find characteristic vectors for each characteristic value. To
find a characteristic vector for A\; = 2, we need to solve

7T— X\ -1 6 Vi 0
(A-\ )V =00r | —10 4-—)  —12 w|=1]0
—2 1 -1-— )\1 V3 0
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Example 145 (cont.)

7T— X\ -1 6 Vi 0

~10 4-—)  —12 wl=1]0

-2 1 —1—)\1 V3 0

7—2 -1 6 Vi 0

~10 4-2 —12 wl=1_0

2 1 —1-2 V3 0
5 -1 6 Vi 0 1
~10 2 -—12 v | =10 N VS |

~—

-2 1 -3 V3 0 GaussianElim. -1
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Example 145 (cont.)

Next find a characteristic vector for Ay = 3

7— X -1
—-10 4- X\
-2 1

7-3 -1

—-10 4-3
-2 1

4 -1 6 %1
-10 1 -12 )
V3

2 1 -4

|

6

Vi

—12 Vo

—-1- )\2 V3
6 Vi
—12 ')
—-1-3 V3

4)

{

0
0
0

GaussianElim.
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Example 145 (cont.)

Next find a characteristic vector for A3 = 5

77— )3 -1 6 Vi 0
—10 4 — )3 —12 %) = 0
-2 1 —-1- )\3 V3 0
7—-5 -1 6 Vi 0
—10 4-5 —12 Vo = 0
—2 1 —-1-5 V3 0
2 -1 6 Vi 0 3
-10 -1 —12 v =10 -~ v =1 _¢
-2 1 —6 V3 0 GaussianElim. -2
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Example 145 (cont.)

1
ForA=M\N=2— VD=1 -1
-1
F 17
ForA=XM=3-V@ =] -2
-1
F g
For A\=X3=5— VB3 = | —6 | We have distinct characteristic
-2

values and corresponding characteristic vectors. For a general
solution, we use them in the solution formula:

1 1 3
X(t)=ca | -1 |+ 2| +a| -6 |
-1 -1 -2
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Example 146

Consider "
E_1o 4 2.
& - 0 -1 1 x2
dt 3

It has the characteristic values 2,3 and 5, which are real and
distinct.
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Example 146 (cont.)

Characteristic values and corresponding characteristic vectors are

0
4X1 =2—->K -1
1
0
M=3—=>L]| =2
1
1
)\3:5—>M 0
0
d M.

for arbitrary nonzero constants K, L, an
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Example 146 (cont.)

0
For \y =2 - v =| —1
. 1 -
F o
For =3 — V@ =] -2
1_
1
For \As=5—-V® =10
0

We have distinct characteristic values and corresponding
characteristic vectors. A general solution:

0 0 1
X(t)=a | -1 |+ | 2|+ |0 |
1 1 0
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Case 2: Repeated characteristic values

We again consider the vector differential equation

dX
— = AX

dt

where Ais an n x n real constant matrix. We suppose that A has a
real characteristic value A1 of multiplicity m, where 1 < m < n, and
that all the other characteristic values A\p 1, Ami2, ..., Ay (if there
are any) are distinct.

Example 147

Let 6 x 6 matrix A have the characteristic equation

(A —=7)*(\ —2)(\ —5) = 0. Here \; = 7 repeated 4 times; \s = 2
and A\g = 5 are distinct. Linear algebra says we obtain 4 or less
linearly independent characteristic vectors for A\; = 7, depending on
the matrix A.
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We know that the repeated characteristic value A; of multiplicity m
has p linearly independent characteristic vectors, where 1 < p < m.
Now we consider two subcases (1) p=m and (2) p < m.

Case 1 If p = m then we will have totally n linearly independent
characteristic vectors for the matrix A. In this case the general
solution has the form that is the same as the one for all distinct
characteristic values. The next example illustrates this:
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Example 148

Consider
31 -1
x_[15 5]«
t 33 -1
or in vector-matrix notation
dX
— = AX
dt
3—A 1 -1
—S]JA=XMl=| 1 3-X -1 |=X-5)4+8\-4

3 3 -1-A

Characteristic values are obtained by equating characteristic
polynomial to zero:

distinct repeated
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Example 148 (cont.)

Evaluate (A — A/)V = 0 at the characteristic values:
At A =1

1
v — | 1
3
is a characteristic vector.
At A=2
1 1
v@ =1 11, v®=10
0 1

are characteristic vectors. V(2 and V() are linearly independent.

General solution is

1 1 1
X(t)=a |1l |ef+al| -1 |+ | 0|
3 0 1
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Case 2 p < m: In this case there are less than m linearly
independent characteristic vectors corresponding to the
characteristic value A1 of multiplicity m.

Hence there are less than m linearly independent solutions of
system (102) of the form Vet corresponding to A;. Thus there is
not a full set of n linearly independent solutions of (102) of basic
exponential form Velt.

Clearly we must seek linearly independent solutions of another form.
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Let A\ be a characteristic value of multiplicity m = 2. Suppose
p =1 < m, so that there is only one type of characteristic vector V
and hence only one type of solution of the basic exponential form
Vel corresponding to A. We need two linearly independent
solutions in order to write the general solution. The second solution
is of the form

(Vt + W)ert

together with Ve form a linearly independent set of two solutions.
Substituting this in the differential equation

dX

— = AX
dt
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(Vt+ W)reM + Vel = A(Vt + W)et
Dividing throughout by e** and rearranging, this can be written as

AV — AV)t + (AW + V — AW) =0

This implies
(A= XH)V =0

MW +V-AW =0

We already know the V satisfying the first equation. From the
second equation we want to find W:

(A= X)W =V
Upon finding W, the general solution will be

X(t) = a Ve + o(Vt + W)eM
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Now let A\ be a characteristic value of multiplicity m = 3, and
suppose p < m. Here there are two possibilities: p =1 and p = 2.
If p =1, there is only one type of characteristic vector V' and hence
only one type of solution of the form

Ve)\t

corresponding to A\. Then a second solution corresponding to A is

of the form
(Vt+ W)eM

Substituting this in the d.e. % = AX results

(Vt+ W)reM + Vel = A(Vt + W)et
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(Vt+ W)reM + Vel = A(Vt + W)et
Dividing throughout by e** and rearranging, this can be written as
(AW -AV)t+ (MWW +V — AW) =0

This implies
(A= XHV =0
AW +V—-AW =0

We already know the V satisfying the first equation. From the
second equation we want to find W:

(A= AW =V

Upon finding W, an already found part of the general solution will
be
X(t) = a Ve + o(Vt + W)eMt
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In this case the third solution corresponding to A is of the form

t2
(V5 +We+ Z)eM

Upon substituting this in the d.e. % = AX we observe that Z
satisfies

(A=XNZ=W
Z obtained from this is used in the third solution. These three
solutions obtained are linearly independent. The general solution
will be

t2
X(t) = a Ve + oVt + W)eM + cs(V + We+ Z)eM
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If p =2, there are two linearly independent characteristic vectors
V(1) and V® corresponding to A and hence there are two linearly
independent solutions of the form

VWAt and V(@A

Then a third solution corresponding to A is of the form

(Vt+ W)eM
where V satisfies
(A=X)V =0 (105)
and W satisfies
(A= X)W =V (106)

The V in (105) is defined by k; V(1) 4 ky V(2. We need to
determine ki and ko which satisfy (106).
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Example 149

Consider
4 3 1
t 8 12 6
or in vector-matrix notation
dX
— = AX
dt
4 — )\ 3 1
—S|A=M|=| —4 —4-X -2 |=X-6)2+12\-38
8 12 6 — A\

Characteristic values are obtained by equating characteristic

polynomial to zero:
A=A =X3=2
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Example 149 (cont.)

Evaluate (A — A/)V = 0 at the characteristic value. We obtain two
linearly independent characteristic vectors:

1 0
—vB=1190 |, v@=] 1
-2 -3

For the third solution we solve

(A= AW =V
with
ki
V =k VD 4 kvQ = ko
—2ky — 3ko
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Example 149 (cont.)

2 3 1 wy ki
(A—Q/)W: V — -4 -6 -2 wo = k2
8 12 4 w3 —2/(1 — 3/(2
Notice that rows on the lefthand side of the equality are
proportional. For consistency we must have ky = —2k;. Select
1
kk=1 k=-2— V=1 =2 | Solving for W we obtain
4
0
W = | 0 | . Thus the general solution is
1

1 0 1 0
X(t)—Cl[ 0 ]eZt+C2[ 1 ]e2t+C3(|:—2]t+[0])e2t
2 -3 4 1
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Example 150

Consider
3 1 2
C(ITX: 1 1 X, X(0)= 3
t 4 0 -1 —4

or in vector-matrix notation

dX

= AX
dt

3-X2 0 1
—SJA=XM|=| 2 1-Xx 1 =(A—-1)°
—4 0 —1-2)

Characteristic values are A\ = Ao = A3 =1
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Example 150 (cont.)

Evaluate (A — Al)x=1V = 0. We obtain two linearly independent
characteristic vectors:

Sve— | o | v |
-2 -2
For the third solution we solve
(A= X)W =V
with
ki + ko

V =k VD 1+ kv = ko
—2ky — 2ky
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ki + ko

V =k VD 4 kvQ = ko
—2k; — 2k

Example 150 (cont.)

A-1-NW=V
2 0 1 wy ki + ko
— 2 0 1 wp = ko
—4 0 -2 w3 —2/(1 — 2/(2

For consistency we must have k; = 0. Arbitrarily assign 1 to ka:

2 0 1 wy 1
2 0 1 wy | = 1
—4 0 -2 w3 -2
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Example 150 (cont.)

0
A solution is W = | 1 |. Thus the general solution is
1
1 1 1 0
X(t):q[ 0 ]et—i—cz[ 1 ]et—i—q( 1 t—l—[l])et
-2 -2 -2 1

Note that for different W solutions, one gets another equivalent
form of the general solution.
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1 1 1
X(t)cl[ 0 ]eercQ[ 1 ]et+C3<{ 1 ]t+
2 2 2

Example 150 (cont.)

Let us use the initial conditions:

o[BGl [3])

a
— Co
a3
Thus the solution is
1
X(t)y=—1| 0
—2
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Example 151

Consider
2 1 0
P
t 2 2 3
or in vector-matrix notation
dX
— = AX
dt
22— 1 0
—S|A=XM=| 1 4-Xx 1 |=(0\-3)°
2 -2 3=

Characteristic values are Ay = Ao = A\3 =3
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Example 151 (cont.)

Evaluate (A — Al))—3V = 0. We obtain one linearly independent

characteristic vector:
1

— V= 1
-2

The general solution has the form

2
X(t) = c Ve + (Ve + W)eM + C3(V% + Wt + Z)eM

For the second term above we need to solve

(A= A)W =V
that is,
-1 1 0 wq 1
— 1 1 1 wy = 1
2 =20 w3 -2
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2
X(t) = a Ve + (Ve + W)eM + C3(V% + Wt + Z)eM

~1 1 0 wi
1 1 1 w | = 1
2 -2 0 ws —2

Example 151 (cont.)
0
A solution is W = | 1
0

For the third term in the general solution, we solve

-1 1 0 7 0
11 1 1 » | =11
2 20| | z 0
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2
X(t) = Ve + o(Vt + W)er + C3(V§ + Wt + Z)eM

-1 1 0 z) 0
1 1 1 z | =11
2 =20 z3 0
Example 151 (cont.)
[0
A solution is Z = | 0 |. Thus the general solution is
|1
[ 1] 1 0
X(t)=a| 1 | +a(| 1 |t+]|1])e*
= -2 0
(1] . 0
ta(| 1L |+ L|t+]0 )elt
-2 | 0 1
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Example 152
Find a general solution for the differential equation set

12 -8
| 16 —4
Finding the characteristic values and vectors:

12 81| |A-12 8 | .,
’)\/_{16 —4”_’ 16 )\+4’_)‘ 8A+80

Characteristic values are 4 + 8i and 4 — 8.
The following solution procedure for this problem is similar to that
of Example 76.
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Example 152 (cont.)
Characteristic vector for 4 + 8/:

—16 44+8i+4 10

-8+8 8 |, _[o0
~16 8+8i | |0

] is a characteristic vector.

(A—A/)V\Aﬂwi:w[“8"12 8 ]—m

1+
2
Characteristic vector for 4 — 8/:

4-8i-12 8 0
(A_M)V|A—4—8f_0_>[ 16 4—8/—1—4]\/_[ }

88 8 0
[ 16 8—8/]‘/_[0]

1—14 . .
[ 9 ] is a characteristic vector.
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Example 152 (cont.)

x(t) satisfies the d.e, however, it is not a solution; it is not real.
Consider the first term in Eq. (107):

x(t) = ¢ e#+80)t [ 1 —;i } = ce**(cos 8t+isin 8t)([ ; ]+i [ (1) })

Decompose it into real and imaginary components:

e ([ [ {3 1)
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Example 152 (cont.)

-t ([ [ {3 1)

Each of the real and imaginary components satisfies the d.e. Each
one is real, and they are together linearly independent.

[ 2o [ )

A general solution is, therefore,

x(t) = cre*t ({ ; }cosSt— [ (1) ]sin8t>+ch4t ({ (1) }cosSt—&— [ ; ]sin8t

In Eq. (107), we used the 1st term of the summation to obtain
two linearly independent solutions. Alternatively, we could have
started with the 2nd term to obtain a general solution.
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Example 153
Solve the following

-1-x 3 9 3
A= TN E ==y
T 2= 4 2

Repeated characteristic values at _73
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Example 153 (cont.)

A-XN)V=0-— —1-A > V=0
A=AV = = 2=
At)\:%‘o’:
103
EAE
6 2

Other linearly independent solution has the form (Vt + W)e_T3t.
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Example 153 (cont.)
Substitute (Vt + W)e2 ! in the d.e. we obtain

(A=) _sW=V
2

This leads to
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Example 153 (cont.)

Other linearly independent solution is ([ _13 } t+ [ 0 ])eft_

The general solution is

-3 -3 —6 =3
X(t):cl[ 1 ]e2t+cz([ 1 }H—{ 0 })ezt
Apply the initial conditions:

BRIEE S

Need to solve

—3e’3c1 — 12e*3c2 =1

e73c1 + 2e’3<:2 =0
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—3e_3c1 — 12e_3c2 =1

e_3c1 + 26_3C2 =0

Example 153 (cont.)

The solution is

&
-3

w
| — |
— |
w
—_
o
Nl
o
|
o| @,
—
| — |
—_
w
_
~+
+
| — |
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Sturm-Liouville Boundary Value Problems
Definition 36

Sturm-Liouville BVP is boundary value problem which consists of
(a) A second order homogeneous linear d.e. of the form

d {p(x)ﬂ +[g(x) + Ar(x)]y =0 (108)

dx dx
where p, g, and r are real functions such that p has a continuous
derivative, g and r are continuous, and p(x) > 0 and r(x) > 0 for
all x on a real interval a < x < b; and \ is a parameter
independent of x; and
(b) two supplementary conditions

Ary(a) +Ary'(a) = 0

Biy(b) + Boy'(b) = 0 (109)

where A1, As, By and B> are real constants such that A; and A, are
not both zero, and B; and B, are not both zero.

This type of problem is called Sturm-Liouville problem.
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Remarks: Sturm-Liouville d.e. is a linear differential equation.
Continuity of g, r, and derivative of p makes coefficients of y,y,
and y continuous, so that a sufficient condition for existence of a
solution is satisfied. Conditions p(x) > 0 and r(x) > 0 make the
problem "regular"; a consequence is that the problem has real
"characteristic values" only.

Example 154

The boundary value problem
d | dy 2 37, _
- [de] —I—[2x +)\X]y—0

3y(1) +4y'(1) =0
5y(2) = 3y'(2) =0
is a Sturm-Liouville problem.

d

2 [P e+ artay =0 (cf. 105)

dx
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Example 155

d’y
W—I—)\y—o

y(0) =0, y(r)=0

is a Sturm Liouville problem. The differential equation may be
written as

d dy
11 .= . =
p(x) a(x) r(x)

/ _
At y(L0 )+ A y'( 0 )=0

1 a 0 a

/ —
B y(\zr,)+ B, y(\:,)—O
1 0

This verifies the claim.
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Example 156
Find nontrivial solutions of the Sturm-Liouville problem

d?’y
W%—)\yzo

y(0) =0, y(m)=0

Solution
We consider three cases A =0, A <0, and \ > 0.
Case 1: A = 0 reduces the the problem to

Py _
dx2

The general solution is
y(x) = a + ox

The first condition y(0) = 0 yields ¢; = 0. The second condition
y(m) =c1 + g =0 yields ¢ = 0.
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Example 156 (cont.)

Thus, when A = 0 we have ¢; = ¢ = 0 and solution is
y(x) =0+ 0- x, the trivial solution.
Case 2: For the d.e

d2
dT);JrAy:O, y(0) =0, y(r)=0

when )\ < 0, the characteristic equation is
m>+A=0

Its roots ++/—A\ are real and unequal. The corresponding general

solution is

y(x) = c1e®™ + e

where a = v/—\. Apply the conditions y(0) = 0 and y(7) = 0:

g+ =0 e +ce =0
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Example 156 (cont.)

Solve the equations arising from applying the condition:

c+ o =0
ae*™+ e ™ = 0

The only solutionis cg = =0
. When A < 0 we have ¢; = ¢ = 0 and

y(x)=0-e4+0-e

the trivial solution.
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Example 156 (cont.)

Case 3: A > 0 implies that the characteristic equation has the
roots +iv/X.This leads to the general solution

y(x) = c1sin VAx + ca cos VAx
Now apply the condition y(0) =0 :
cisin0+ ccos0=0
This results in ¢ = 0. The other condition y(7) = 0 yields:
¢y sin VA + ¢ cos VAT =0
Because ¢, = 0, this reduces to

cisinVar =0

If we let ¢; =0, then we get a trivial solution. This is not desired.

Therefore we make sin vV Ar = 0
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The general solution corresponding to A > 0 from the previous slide:

0
y(x) = a1 sin VAx +M

Example 156 (cont.)

sin V7 = 0 is satisfied if v\ = n, or equivalently,A = n®. In other
words, A must be a member of the infinite sequence

1,4,9,16,...
~.For A\=n?(n=1,2,3,...) we have nontrivial solutions
y(x) = cpsin nx,
Or, more explicitly

c1sinx, ¢ sin 2x, ¢z sin 3x, . . .
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di)l( [p(x);/i] + [g(x) + Ar(x)]y =0 (cf. 108)
Ay(a) + Axy'(a) = 0
Biy(b) N Bzy’(b) — (cf. 109)

Definition 37

Consider the Sturm-Liouville equation (108) and the supplementary
conditions (109). The values of the parameter A in (108) for which
there exists nontrivial solutions of the problem are called the
characteristic values of the problem. The corresponding nontrivial
solutions themselves are called the characteristic functions of the

problem.
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Example 157

Find the characteristic values and characteristic functions of
d dy A

dx {de} =0

y'(1)=0, y'(€7) =0
where we assume that the parameter ) is nonnegative.

Solution: We consider separately the cases A = 0 and A > 0.

Case 1: A\ = 0 reduces the problem to

d dy ~0
dx dx

Integrate twice for the general solution:

dy dy C
X = C—>a ——>y(x) Cin|x|+ G

where C and (g are arbitrary constants.
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C

Y(x) = Chnlx| + Go = y/(x) =
y/(].) — O, y/(e27r) -0
— y(x)=Cln|x| + G

Example 157 (cont.)
Apply the supplementary conditions to the general solution:

y’(l):%:O—>C:0,&y’(e2”):£:0—>C:0

Thus C becomes 0. There is no condition imposed on (. Solution
becomes

y(x) =G

Thus A = 0 is a characteristic value and the corresponding
characteristic functions are y(x) = Cp, where Cy is an arbitrary
nonzero constant.
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Example 157 (cont.)
Case 2: A > 0:

dy

d2y
2 7/ _
X dx+X dX2+)\y—0
d?y dy
2 _
T N ax Ay =0

For x # 0, this is a Cauchy Euler equation. Letting x = ef, the
solution is found to be

y(t) = c1sin VAt + ¢ cos VAt
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Example 157 (cont.)

y(t) = c1sin VAt + ¢ cos VAt

Back to the x gives
y(x) = crsin(vVAInx) + ¢ cos(VA In ).

Apply the supplementary conditions y/(1) =0, y’(€?") = 0 to the
general solution. Let us apply the first condition first:

% = Cl;ﬁ cos(VAInx) — C2;A sin(vAIn x)

Clia cos(VAIn1) — C2IA sin(vVAIn1) =0

y'(1)=0—

—aVA=0-¢=0
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Example 157 (cont.)

Now apply the second supplementary conditions y’(€?™) = 0 to the
general solution. This leads to

Ve sin(2rVA) = 0

Nontrivial solutions will require \ = ”72, (n=1,2,3,...) Thus,

. . . 2
corresponding to the characteristic values A = 5, (n=1,2,3,...),
with x > 0, the characteristic functions are

= s (222)

Recall that the solution before using the supplementary conditions is

y(x) = c1sin(vVAInx) 4 ¢ cos(V/ A In x)

456/676



Theorem 41
Hypothesis Consider the Sturm Liouville problem consisting of
1. the differential equation

d
dx

PG| + Lo+ Ay =0

where p, q, and r are real functions such that p has continuous
derivative, q and r are continuous, p(x) > 0 and r(x) > 0 for all x
on a real interval a < x < b, and )\ is a parameter independent of
x; and

2. the conditions

Ary(a) + Azy'(a) = 0
Biy(b) + Bay'(b) = 0

where A1, As, By, and By are real constants such that Ay and A
are not both zero, and By and By are not both zero.
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Theorem 41 (cont.)

Conclusions:

1. There exists an infinite number of characteristic values \,, of the
given problem. These characteristic values can be arranged in a
monotonic increasing sequence

/\1<)\2<)\3<...

and such that \, — 400 as n — +o00.

2.Corresponding to each characteristic value )\, there exists a one
parameter family of characteristic functions ¢,. Each of these
characteristic functions is defined on a < x < b, and any two
characteristic functions corresponding to the same characteristic
value are nonzero constant multiples of each other.

3. Each characteristic function ¢, corresponding to the
characteristic value A, (n =1,2,3,...) has exactly (n — 1) zeros in
the open interval a < x < b.
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Example 158
Consider the Sturm Liouville problem

d?y
W%—)\yzo

y(0)=0, y(r)=0

It has already been solved and was found that it has infinitely many
characteristic values, and these values are growing towards infinity,
therefore, the 1st conclusion is verified. Let us verify the 2nd
conclusion for any two characteristic functions. For instance, for

A =9, corresponding functions are csin3x where c is arbitrary.
Take any two of them, for instance, 5sin3x and —2.2sin 3x, and
observe that the conclusion holds. That is, for the same
characteristic value, corresponding characteristic functions are
multiple of each other.
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Example 158 (cont.)

Conclusion 3 suggests the characteristic function ¢, sin nx
corresponding to A = n? has exactly n — 1 zeros in the open interval
0 < x < 7. We know that sin nx = 0 if and only if nx = km, where
k is an integer. Thus the zeros of ¢, sin nx are given by

K
x:%, (k=0,41,£2,...) (110)

The zeros of (110) which lie in the open interval 0 < x < 7 are the
ones corresponding to k =1,2,... n— 1. Totally, there are n — 1
zeros in the interval.
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Orthogonality of Characteristic Functions

Definition 38
Two functions f and g are called orthogonal with respect to the
weight function r on the interval a < x < b if and only if

b
/a f(x)g(x)r(x)dx =0

Example 159
The functions sin x and sin 2x are orthogonal with respect to the
weight function having the constant value 1 on the interval
0<x<m:

2 sind x|”

/0 (sinx)(sin2x)(1)dx = 3 —0

0
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Definition 39

Let {¢n}, n=1,2,3,..., be an infinite set of functions defined on
the interval a < x < b. The set {¢,} is called orthogonal system
with respect to the weight function r on a < x < b if every two
distinct functions of the set are orthogonal with respect to r on

a < x < b. Thatis, the set {¢,} is orthogonal with respect to r on
a<x<bif

b
/ Om(x)bn(x)r(x)dx =0, for m+#n

Example 160

Consider the infinite set of functions {sin x, sin 2x,sin 3x, ...} on
the interval 0 < x < 7. Let the weight function be 1. Then this set
is orthogonal wrt this weight function:

sin(m—n)x  sin(m+n)x|"

2(m—n) 2(m+n 0:0

/W(sin mx)(sin nx)(1)dx =
0
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Theorem 42
Hypothesis Consider the Sturm Liouville problem consisting of
1. the differential equation

d
dx

PG| + Lo+ Ay =0

where p, q, and r are real functions such that p has continuous
derivative, q and r are continuous, p(x) > 0 and r(x) > 0 for all x
on a real interval a < x < b, and )\ is a parameter independent of
x; and

2. the conditions

Ary(a) + Azy'(a) = 0
Biy(b) + Bay'(b) = 0

where A1, As, By, and By are real constants such that Ay and A
are not both zero, and By and By are not both zero.
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Theorem 42 (cont.)

Let A\, and A\, be two distinct characteristic values of this problem.

Let ¢, be a characteristic function for A\, and ¢, be a
characteristic function for \,.

Conclusion The characteristic functions ¢, and ¢, are orthogonal
with respect to the weight function r on the interval a < x < b.

Example 161

Consider the Sturm Liouville problem

d’y — _ _

where r = 1. Corresponding to each characteristic value
A=n?(n=1,2,...) we have characteristic functions
cnsin nx (

n —
set {¢n}, n=1,2,..., is an orthogonal system because

/ (sin mx)(sinnx)(1)dx =0, for m=1,2,..., n=1,2,...
0

1,2,...). Define ¢n(x) =sinnx, n=1,2,...

The

, m#n
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Picard’'s iterations

We have previously seen the following conditions on existence and
uniqueness of solutions of a 1st order d.e.

Theorem 43

If both f(x,y) and f,(x,y) are continuous on the rectangle
R={(x,y): a<x<b,c<y<d} and(x0, %) € R, then there
exists a unique solution to the initial value problem

&~ Fxy), vl = (1)

for all values of x in some (smaller) interval [xg — 0, x0 + ]
contained in a < x < b.
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&~ fxoy). vlx0) = (cf. 111)

Integrate both sides of (111) from xp to x:
v = [ fly)ox (112)
o

Theorem 44 (Picard’s Iterations)

For the initial value problem satisfying conditions of Theorem 43
define the following iterations:

Yo(x) = yo

Yn+1(x }/0+/ftY

Then the solution y(x) to (111) is the limit

y(x) = lim Yj(x)
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Example 162

dy

=y xy(0)=2 (113)
Yo(x) =2
Yi(x) =2+ [Ff(t,2)dt =2+ [J(2— t)dt =2+ 2x — %
Ya(x) =2+ [F (6,2 +2t — B)dt =2+ [X(2+2t — & —t)dt
=242+ %5 - %
Y3(x):2+2x—|—x7+%—% 5
Y4(x):2+2x—|—x2f2-|-%3_|_>2<§_1x2? 6
Ys(x)=24+2x+5 + %5+ 5+ 55 — 75
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Example 162 (cont.)

2 X3 X4 X5 X6

X
Y =242 S T T T
() =242+ 5+ et o 100 T 720

For a better approximation more iterations can be used. However,
one may notice that the pattern above belongs to the known

function
14+ x+¢e°
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Example 163

dy
=1 0)=0
— +y? y(0)
Let us use Picard’s iterations to find the solution:
Yo(x) = 0
Yi(x) = x
_ x3
Y2(X) - 33 2x5 x7
S -
X X X X X X
Ya(x) X+3+95 t 355 t 285 + 51975 + 12585 T 50535

Approximation may be improved by using more iterations. The
term Yj(x) above has pattern matching with that of tan x. Indeed
y(x) = tan x solves the given d.e.
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How does it work? Notice that the following equations have the
same solution:

% = f(x,y), y(x0) = yo (cf. 111)
y(x)—yo = /X f(x,y)dx (cf. 112)

It can be shown that the iterations

Vora() =0+ | F(tYa(t)d, Yox) = 3o
o

have a limit, call it y(x).

As n — oo we have Y,11(x) = Yn(x) = y(x).

Substituting y(x) for Ynt1(x) and Y,(x) in the above equation will

result in Equation (112). The y(x) satisfying (112) satisfies the

original differential equation (111).
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n+1 / t Y

Example 164
Y oy 1), y(0) =0 (114)
dx y » Y\V) =
Yo(x) =0
Yi(x) = [, f(£,0)dt = [y 2dt = 2x
Ya(x) =[5 f(t, 2t dt = [y 2(2t + 1)dt = 2x* + 2x
X3
Y3(x) = (23!) + (2!) + 2x
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dx
_ - (2x)F
Yal) =2 Kl
k=1
Example 164 (cont.)
This pattern corresponds to
y(x) = e —1

(cf. 114)

472/676



Euler Equation

Lly] = X% + axy + By = 0 (115)

A : :
where L = x2D? + axD + 8 with «, 3 are real constants, is called
Euler equation. x = 0 is a regular singular point. Let y = x" be a
solution candidate for x > 0.

LIx"] = x*(x")" + ax(x") + Bx" = x*r(r = 1)x" 7 + axrx” ' + Bx"

X"[r(r=1) +ar+ Bl =x"[r? + (a —1)r+ B] := x"F(r)

If r satisfies F(r) = 0 then x" is a solution. F is a quadratic
polynomial; it has two solutions:

(a—1)+ /@ - 12 —43
2

na=

We may write
F(r)=(r—n)(r—nr)
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If 1 and r, are real and distinct then the general solution is

y(x) = ax™ + cx" (116)
Example 165

2x%) 4+3xy —y =0, x>0

Substituting x" above results
1
x"[2r(r—1)4+3r—1] =x"(r — 5)(r +1)

Equation above is satisfied if r = % or r = —1. The two roots are
real and distinct. Therefore, the general solution is

y(x) = axz + cox !
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Real and equal roots case (n = )

F(r)

A

Lix" ) =x"[(r(r—1)+ ar+ B8] =x"(r — r1)2

y = x™ is a solution. For a general solution we need to find
another linearly independent solution. Noting that %xr =x"Inx

0 0
EL[X’] = E[x’(r —n)?l=(r—n)*"Inx+2(r — n)x"

On the left change order of differentiation, keep the rhs as it is:

Lgx’ = L[x"Inx] = (r —n)*x"Inx +2(r — rn)x"

or

At r = r; we have L[x" Inx] = 0, therefore, x" In x is a solution. It
is linearly independent. Thus the general solution is

y(x) = ax™ 4+ ox™ Inx

475/676



Example 166
X%y +5xy +4y =0, x>0
Substituting x" above results
X[r?+4r+4]=0

Equation above is satisfied if 1 = n = —2. The two roots are real
and equal. Therefore, the general solution is

y(x) = ax? + ox?Inx
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r= A=+ ip case: x ' satisfies the differential equation. Note that

A i

X/\—i—lu — elnx Aip)Inx _ e)\lnx

— e( — ei,ulnx —

= e*"X[cos(pIn x) + i sin(pIn x)]

The real and imaginary parts are linearly independent. The general
solution is

Alnx Alnx

y(x) = e’ cos(pInx) + cxe™ " sin(p In x) (117)

Example 167
X2y 4+xy+y=0 x>0
Substituting x" above results
x[rP+1=0

Equation above is satisfied if r = /. The roots are complex. Plug
A=0and p=1in (117) to obtain the general solution as

y(x) = a1 cos(Inx) + ¢ sin(In x)
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Example 168

2x2) +3xy — 15y =0, y(1)=0, y(1) =1, x >0
Substituting x" in the above equation results
2x%(x")" +3x(x") — 15x" =0
(2r(r—1)+3r—15)x"=0
(2r2 +r —15)x" = (r +3)(r — E)x’ =0

2

Euler d.e. with real and distinct roots! The general solution,
therefore, has the form (see Eq. (116) )

y(x) = ax™ + ox? — y(x) = clxg + opx 3

Using initial conditions we obtain
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Examples for Regular Singular Points

Example 1: Bessel's differential equation of v-th order has a
singular point at x =0

Xy +xy+ (¢ —v¥)y =0
In standard form:

L1 x2 — y2
y+fy+¥yzo
X X

Example 2: Legendre equation has a singular point at x =1
and x = —1

(1—-x%)y —2xy+n(n+1)y =0
In standard form:

2x . n(n+1)

=0
-t a=x”

a

w
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Examples for Regular Singular Points

L1 x2 — 2
X X

2 2
xx1=1. x2 x =) QV):(xz—vz)
X X

.. Bessel's singular point at 0 is regular singular point.

. 2x .+n(n+1) _0
y (1—X2)y (1—X2)y_
(x—1) x ﬁ = (lz%x): (x —1)% x ("1(153 - (1_(Xl)££<r3+l)

.. Legendre’s singular point at x = 1 is regular.
It can be shown that the singular point at x = —1 is also
regular.
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Solving Bessel's DE of 0-th Order using Power Series

Bessel’s differential of 0-th order is as follows:
Xy +xy+xPy =0
Solution y(x) has the form

oo
y(x) = X1 anx"
n=0

For the solution domain x > 0 we have

}/(X) = ZanXH—H; y(X) = Z(r + n)anxr+n—1;
n=0 n=0
y(x) = Z(r +n)(r 4 n—1)ax""2
n=0
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X2y +xy+xy =0

Solving Bessel's DE of 0-th Order using Power Series

Substitute in the d.e.

o0 [e.e]
x? Z(r +n)(r+n—1)ax "2 4 x Z(r + n)a,x Tt
n=0 n=0
o0
+x2 Z ax" =0
n=0
o0 o o0
Z(r+n)(r+n—1)anx'+”+Z(r+n)anx’+”+Z apx T2 =0
n=0 n=0 n=0

Use transformation m = n -+ 2

o0

n=0 n=0

ee oo
Z(H'”)(H‘”_1)3an+"+Z(r+n)anx’+"+Z am_ox M =10
m=2
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[e.9]

© [e'¢)
Z(r+ n)(r+ n— 1)anxr+” + Z(r+ n)anxr+n + Z 3n—2Xr+n =0
n=0 —0 —

Solving Bessel's DE of 0-th Order using Power Series

Let all sums start at n = 2;

aol(r(r = 1) + rlx" + a1 [(r + 1)r + (r + )]x"*

+Z(an[(r +n)(r+n—1)+(r+n)]+ap2)x+"=0

oo
a0rx" + a1(r + 12+ [an(r + ) + 3p_2]x 7" =0
n=2

Indicial equation

r2:0_>r1:0’ r2:0
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oo
aor’x" + ay(r+1)°x" + Z[an(r + )2 +a, o]x " =0
n=2

Solving Bessel's DE of 0-th Order using Power Series

Set r = 0, then equating the factor of x"*! to zero we get
a; = 0. Equating factors of x"™" for n > 2 we get a recur-
rence formula

an—2
anp = —"72, n>2
(r+n)
Since a; = 0 we conclude that a3 = a5 = a; =--- = 0. And
we conclude
ao ap a0 a0 a0

=" M= Ty a2 BT %3017

Noticing the pattern we can write
—1)"a
2 = smie®, P=1,2,3,...
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Solving Bessel's DE of 0-th Order using Power Series

We have obtained a solution, 0-th order Bessel's equation of

first kind:
n 2n
1+ Z 22n n| ]

Jo(x)

where a is arbitrary constant. O
Bessel's differential equation under consideration

y(x) = ao

x2)7—|—xy—|—(X2 — v2)y:0

is a second order homogeneous linear differential equation.
Therefore, it has two linearly independent solutions. These
two linearly independent solutions serve as a basis for the
general solution. The form of the 2nd linearly independent
solution depends on the order of the Bessel’s d.e. Next theo-
rem states this relation.
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Linearly independent solutions of Bessel's DE

Theorem Given the Bessel's equation of order v > 0
Xy +xy+ (= vy =0

then we have the following:
(1) If v ¢ {0,1,2,...} the equation has two linearly inde-
pendent solutions J,(x) and J_,(x) and the general solution
is

y(x) = adv(x) + cod_v(x)

where ¢; and ¢ are arbitrary constants. Note that the indicial
equation is r?> — v2 = 0. Its roots are +v. Setting r to +v
we get two linearly independen solutions.

(2) If v € {0,1,2,...} the equation has only one Bessel’s
function of the first kind J,(x), another linearly independent
solution is the Bessel’s function of the second kind Y,. The
general solution is y(x) = c1Jy(x) + 2 Yy (x) where ¢ and
¢y are arbitrary constants.
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Linearly independent solutions of Bessel's DE

Case (1) is straightforward: Whatever done for v is repeated
for —v, and form the general solution as indicated.

The case v = 0 is a particular of Case (2), we have found
solution Jy, we need to find the second linearly independent
solution in the form of Bessel's function of the second kind.
There are two popular methods for obtaining the second in-
dependent solution Yp(x). Let us start with one of them.
Let 0 < e < 1. Because € is not an integer, J.(x) and
J_c(x) are two linearly independent solutions corresponding
the Bessel’s d.e. of order e. Define Y.(x) by

_ Je(x) — J_e(x)

€

Ye(x)

Because Y.(x) is a linear combination of solutions, it is also
a solution to Bessel's d.e. of order e.
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Ye(X) — JC(X) _EJG(X)

Linearly independent solutions of Bessel's DE

Define Yp(x) by

Je(x) — J_¢
Yo(x) = lim Y(x) = lim 2e0) = J=c()
e—0 e—0 €
It can be proven that the limit Yp(x) is a solution to Bessel's
d.e. of order 0; and Jy(x) and Yp(x) are linearly independent.
We have seen a method for obtaining the second solution from

that of the first one.
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More on Bessel Equation

Bessel function of order zero, denoted by Jg, is defined by

x? x4 xb

TR T e

Jo(x) =1 +oo (118)

If u, denotes r-th term of the series above, then we have

Upy1 . X2
u (2r)?

This shows that, regardless of x value, the above ratio tends to 0

as r — 00. Jp(x) converges for all x values.

A digression

Ratio test (Also known as d’Alembert’s criterion)

Suppose that there exists C such that

ar+1
ar

lim

r—o0

= C.

If C <1, then the series is absolutely convergent. If C > 1, then
the series diverges. If C = 1, the ratio test is inconclusive, and the

series may converge or diverge. EOD
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Bessel function of order n, where n is a positive integer, is defined
by

x" x2 x4

Jo(x) = 1— _
)= i s s T a2 2n 5 4

) (]_]_9)

Jn(x) also converges for every x.
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n X2

X4

= 1-— .
In) = i = 5o s T 5 a an s 2 an s d )
(cf. 119)
For n = 1, Bessel function becomes
X x3 x5 x7
J = 5 = — .. 120
1) 2 22.4+22.42.6 22.42.62.8 (120)

For n = 2, it becomes

X 2 X4 X6

X8

Jz(X):2_4—22‘42.6+

224268_224262810

(121)

Note that J,(x) is even function of x when n is even, odd when n
is odd. Also note that Jy(0) =1 and J;(0) = 0.
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Verifying that Jy solves the Bessel's DE

X2 X4 X6
Jo(x):1—2—2+22_ 2—22_42_62+--- (cf. 118)
3 5 7
hx) =2 x -+ (cf. 120)

2 22.4 22.42.6 22.42.62.8

Note the following relationships between Jy and J;.

) s (122)
di;( [xJ1(x)] = xJo(x) (123)
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Verifying that Jy solves the Bessel's DE

dJo(x)
= J1(x) (cf. 122)
9 Ixh(x)] = xh(x) f 123
- )] = xdo(x (cf. )
Use (122) in (123):
d [ dJ(x) B
o |:X I ] + xJo(x) =0 (124)
d?Jo(x)  dho(x) B
X— + ™ + xJo(x) =0
This shows that Jy(x) is a solution to the 0-th order Bessel
differential equation
d’y | dy
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The 2nd linearly independent solution of the Bessel's DE

Ly dy

X2 + o +xy =0 (cf. 125)
It has been shown that Jp is a solution to (125). Since (125) is
a 2nd order homogeneous linear differential equation it must

have two linearly independent solutions. Let the linearly in-

dependent 2nd solution that we seek be u. And let v = Jo.
Equation (125) leads to

"+ +xu=0

xv" + v +xv=0

Multiplying the first of these equations by v and the second
by u and subtracting we have

x(d"v—uw")+dv—uw =0
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The 2nd linearly independent solution of the Bessel’s DE

xt"+u +xu=0
xv" + v +xv=0

Multiplying the first of these equations by v and the second
by u and subtracting we have

x(u"v—w")+dv—uw' =0

Because
1! " / /
u'v —uwv' = —(u'v—uv')

dx
we can write

= [x(u'v—uw')] =0
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The 2nd linearly independent solution of the Bessel's DE

d

o [x(u'v—w')] =0

implies
x(dv—uw')=B

where B is a constant. Dividing by xv?

uv —uv B
v2 X2
d u B
et e
This leads to
Z-A+B diz
v XV

and the second solution is, therefore

u= Alo(x) + Bho(x) /’“’g)(;)
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The 2nd linearly independent solution of the Bessel's DE

dx
u= AJO(X) + BJO(X) X7J2
0

We next evaluate the integral above. Note that

The integral above becomes
Jo(x) XdTXg
= Jo(x) [Inx—k%—i—%ju..
:Jo(x)lnx—|-(£_§4+...)(%+?L4+...)
=Jo(x)Inx+ % + 3 4.

[
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The 2nd linearly independent solution of the Bessel's DE

Jox)fXJ2
:JO()[Iner +128+ }
= Jo(x) Inx + (1 - 22+ S+ +)
:Jo( )Inx+ +?)2(8+
If we define
2

A X 3x*4

Yo(x) = Jo(x) Inx + T 198 +-

then Yp is a linearly independent 2nd solution of the Bessel
equation of the 0-th order.
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Alternative way of finding Yy(x)

Regarding Part 3 of Theorem 26 (The case of a regular sin-
gular point xo of the d.e. (84). The roots r and r, of the
indicial equation associated with xq satisfy n — r, = 0), let a
solution of Bessel’s equation of order zero have the form

y(x) = Jo(x)Inx + Z bpx"

n=1

Its derivatives are
y(x) = Jo(x )Inx+ —i—an,,x

J(

)b,,X”_2

y(x) = Jo(x) Inx +2

Substitute y, y, and ¥ in the Bessel's equation of order zero
X2y + xy +x%y =0
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Alternative way of finding Yy(x)

Substitute y,y, and y in the DE: x?y + xy + x°y = 0

e+ 258 8052 o | <9

et | et S| o

S(x)  2J(x)

X X2

Inx |:X2.]6(X) + xJo(x) + X2J0(X)i| + x +

+2XJ0 +x22n(n 1)b,x"~ 2+Xanan 1—i—x2z:b,,x =3

Coefficients of Inx add up to zero and blue colored terms
cancel out. Thus

2xJo(x) + Z n(n—1)byx" + Z nb,x" + Z b,x"t2 =0 (126)
n=2 n=1 =1
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Alternative way of finding Yy(x)

Substitute y, y, and y in the Bessel's equation of order zero
x?y + xy + x?y = 0. Some terms cancel out and we obtain

oo oo o0
2xJo )+ Z n(n — 1)b,x" + Z nb,x" + Z box"T? =
n=2

1st Term g \;/_/ %/_/
2ndTerm 3rdTerm 4thTerm
(cf. 126)

Further simplify the terms.
1st term:

Jo(x) = Z an_(ln)lr;zxzn — 2xj0(x) =2 Z 7(_1)@,,)(2”
— . .

2nd term:

o [ee)
Zn n—1)b,x" :2b2x2+2n(n— 1)b,x"
n=2

n=3
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Alternative way of finding Yy(x)

3rd term:
oo [o.¢]
Z nbpx" = bix + 2byx? + Z nb,x"
n=1 n=3

4th term: Change of index: m=n+2

o o (o ¢]
E box"T? = E bm_ox™ = E bp_ox"
n=1 n=3

m—2=1

The expression (126) now can be written as

1)"2
( ) nX2n

by x + 4byx? —I—Z[n by + bp—2]x" = —22 21?2

n=3

We have even powers on the righthand side, therefore, for the
equality to hold there cannot be odd powers on the left. Thus
b1 =0
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Alternative way of finding Yo (x)

o0 n2
bix + 4byx? + Z[n by + by—2]x" = —22 wxz”
n=3 =1

We have even powers on the righthand side, therefore, for the
equality to hold there cannot be odd powers on the left. Thus
b1 =0

oo
(=1)"2n
4byx° + Z;[n2b,, + bp_o]x" = =2 Z ()2 x2n
n—=

The expression Y0 5[n?b, + by—2]x" has to result in zero for
odd powers of x. So. n?b, + b, =0, n=3,5,... imply
b3 = bs = --- = 0. Equating like powers of x for even n we
obtain by = 1/4.
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Alternative way of finding Yy (x)

> /%2
4b2X2 + Z[n2bn + b,,_g]x" -2 Z ( n P

e 22n n|)2

For n > 2, coefficients of x2" on the left are (2n)?by, +

by(n—1); which are % on the right. Thus

(~1)"n

2 J—
(2n) bon + bz(nfl) = _m

This results in

1 (=1)"n
B 22(n=1)(p1)2
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Alternative way of finding Yy(x)

1 s~ (=1)n
by, = W [_b2("1) B Z 22(("_1))("')2]

n=1
Using this
mzi%ﬂ—%—§%)2—5§u+%)
bs = ﬁ [22142(1 + %) + 24(:;)2] - 2241262 e % + %)
b2n=%(1+;+"'+i)

Noting H,, := 1+%+- . ~+%, called Harmonic number, yields

y(x) = Jo(x)Inx+ ;(—1)n+1 anlz;:!)z X2

505/676



Alternative way of finding Yo(x)

- n H” n
y(x) = Jo(x) Inx + ;(—1) +122n(n!)2X2

A normalization of the above solution is the 2nd kind Bessel
function of order zero:

Yolx) = 21y(x) + (3 — n2) ()]

where « is the Euler—Mascheroni constant which roughly
equals 0.5772.

A Digression: Definition

n
A 1
v = nIl_)rT;o ( E i In n> ~ 0.577216...

k=1

World record (2009), 14.9 billion digits have been computed. EOD
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Dynamics of Disease Spreading

Let the population be subdivided into a set of distinct classes:
Susceptible, Infectious and Recovered.

This is termed the SIR model.

Individuals are born into the susceptible class. Susceptible
individuals have never come into contact with the disease and are
able to catch the disease, after which they move into the infectious
class.

Infectious individuals spread the disease to susceptibles, and
remain in the infectious class for a given period of time (the
infectious period) before moving into the recovered class.

Individuals in the recovered class are assumed to be immune for
life.
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Ry, basic reproductive ratio, is defined by epidemiologists as "the
average number of secondary cases caused by an infectious
individual in a totally susceptible population".

When Ry is greater than 1, the disease can enter a totally
susceptible population and the number of cases will increase,
whereas when Ry is less than 1, the disease will always fail to
spread.

Disease Ro
AIDS 2to b
Smallpox 3to5
Measles 16 to 18
Malaria > 100

Table: The value of Ry for some well-known diseases
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Consider the situation when a new strain of influenza enters a
totally susceptible population. Simple intuition tells us that the
disease will spread rapidly through the population, infecting a large
proportion of the population in a very short time. It is therefore
plausible to ignore births and deaths in the population and only
concentrate on the disease dynamics. However, if we wish to model
a disease that is endemic, that is, persists indefinitely in the
population, our SIR model must also include births to correct the
number of susceptibles.
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The differential equation model

ds

= — B-BSI—dS;
dt B> 5
dl

— —B3Sl —gl —dI:
dt 2 & '
dR

= — gl — dR:
a8

Ro= .

g
Here B is the birth rate, d is the death rate, 1/g is the infectious
period, and (3 is the contact rate.
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Population growth model

The rate of change of population should be proportional to the
population itself, that is,

dP

< _p
e "

where P is the population at time t, and r is some real constant.

This is a first order linear differential equation. For an initial
population P(0) = Py its solution is

P(t) = Poert

This is an overly simplified model assuming the resources (food,
space, etc.) are unlimited.
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When the resources are limited, the concept of a maximum
sustainable population (a "carrying capacity", called K), must be
considered. That is,

iszhen P=K
dt

£<OifP>K
dt

f:rPWhen P K
dt

This is called logistic growth model.

512/676



Carrying capacity effect may be viewed in 50-year change of

country populations.

Country 1970 2020
Italy 53.3M 59.5M
France 50.5M 64.5M
UK 55.56M 67.5M
Greece 8.8M  10.5M
Tirkiye 357M 84 M

Table: Population data for some countries
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The logistic equation contains the carrying capacity feature:

dpP P

Notice that when P = K it reduces to

dP

- =rP(1-1)=
g~ PA-1)=0

Also notice the cases P > K and P < K.
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Let us solve

It is separable

= rdt
1 1
<P+K_P>dp—rdt
nP—In|K—Pl=rt+a
P

':rt+c1
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Kcpe'
P(t) = —2°
(t) 1+ e
K
P(t)= ——
( ) 14+ cze™ 't
Apply the initial condition P(0) = Py to obtain ¢ =

K—Po
Py -

K
P(t) = ——————
( ) 1+ K;OPO e—rt
Units
Consider % = rP.

% has unit "population / time", therefore, rP must have unit
"population / time". This implies that r has to have unit (time)™!
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An application: Carbon dating

Living matter is constantly taking up carbon from the air. The
result is that within such material the ratio of the number of
isotopes of radioactive carbon 14 (}4C) to the number of isotopes
of stable carbon 12 (12C) is essentially constant. Once the
specimen is dead (for example, a tree is cut down for its wood, or
cotton is harvested for weaving), the radioactive 1*C atoms begin
to decay according to the model

d
2 N(£) = —0.0001216N(t) (127)
The unit of t is years. This equation implies initial 1*C level N(0)
reduces to its half value in 5700 years.
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%N(t) — —0.0001216N(t) (cf. 127)

By examining the ratio of the number of isotopes of carbon 12 to
carbon 14 in a sample of the material that we want to date, it is
possible to work out the proportion remaining of the *C atoms
that were initially present. Suppose that the sample stopped taking
up carbon from the air when at time ty, and that the number of
14C atoms present then was Ny,. If we know that the sample now
(at time t) contains only a fraction p of the initial level of 14C,
then N(t) = pNg,. Using our explicit solution to (127)

N(t) = NtoefO‘0001216(t7t0)
we should have

PNy, = N(t) = Ny, e~0-0001216(t—t0)
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Cancelling the factor of Ny, in the two outside terms yields the
equation

p — e~0-0001216(t—to)

and so the year ty is

Inp

o =1+ 50001216

Example 169

In 1988, a historical linen cloth, was analyzed in Arizona. p was
found to be 0.92. This led to

In0.92
— —  ~1302
fo = 1988 + 001016 ~ 130

So, the shroud belongs to the middle Age.
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Predator-Prey Equation(Lotka—Volterra model)

Example 170

Let x be the number of prey (for example, rabbits); y be the

number of some predator (for example, foxes); consequently, %

and % represent the instantaneous growth rates of the two
populations; t represent time; «, (3,7, 0 be positive real parameters
describing the interaction of the two species. The populations

change through time according to

d

& = ox— A9,
Y s
dr Y =Y,
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Example 170 (cont.)

d
& = X0
Y s

The above equations are based on the following assumptions:

1. The prey population finds ample food at all times.

2. The food supply of the predator population depends entirely on
the size of the prey population.

3. The rate of change of population is proportional to its size.

4. During the process, the environment does not change in favour
of one species, and genetic adaptation is inconsequential.

5. Predators have limitless appetite.
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Example 170 (cont.)

d s
dr Yy =Y,

The prey are assumed to have an unlimited food supply and to
reproduce exponentially, unless subject to predation; this
exponential growth is represented in the equation above by the
term ax. The rate of predation upon the prey is assumed to be
proportional to the rate at which the predators and the prey meet,
this is represented above by Bxy. If either x or y is zero, then there
can be no predation.

In the 2nd equation, dxy represents the growth of the predator
population. The term ~yy represents the loss rate of the predators
due to either natural death or emigration, it leads to an exponential
decay in the absence of prey.
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Definitions

Recall that partial differential equation is a differential equation
which involves partial derivatives of one or more dependent
variables wrt one or more independent variables.

Solution of a partial differential equation is an explicit or implicit

relation between the variables which does not contain derivatives
and which satisfies the differential equations.
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Example 171

ou o 2
Ox Y

2, .2 x*
—>u:/(x +y )ax+¢(y):?+xy2+¢>(y)

where ¢ is an arbitrary function of y
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Example 172

0%u 3
=x
dydx

can be written in the form

where ¢ is an arbitrary function of x

X4 X2
u="70 = () +ely)

where f(x) = J ¢(x)dx and g is an arbitrary function of y

525/676



0%u 0%u 0%u ou ou
A—+B———+C D—+E—+Fu=0 128
5 " Paxay T Cap TPax TR, T Y (128)
Theorem 45
Let fi, fy, ..., f, be n solutions of Equation (128) in a region R of
the xy plane. The linear combination c1fi + cofr + ... + cpf, where

¢, C, ..., Cn are arbitrary constants, is also a solution of Equation
(128) in the region R.
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5%u d%u 5%u ou ou
A— +B—— +D— E— Fu = f. 12
B + xDy + C8 5 e + 3y +Fu=0 (c 8)

Theorem 46

Let fi, fy, ..., be infinite set of solutions of Equation (128) in a
region R of the xy plane. Suppose the infinite series

220:1 w=1H + fh+ ... converges to f in R. Suppose this series
may be differentiated term by term in R to obtain the various
derivatives (of f) which appear in Equation (128). Then the
function f is also a solution of Equation (128) in R.
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General Solutions

In general, we cannot find “general solutions” (i.e., relatively simple
formulas describing all possible solutions) to second-order partial
differential equations. An exception is with the one-dimensional

wave equation
Q?u 0%

ot? ¢ Ox?

It can be shown that it has a general solution

=0

u(x,t) = f(x — ct) + g(x + ct)

where f and g are arbitrary sufficiently differentiable functions of
their respective arguments.
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a2~ < ox2
u(x,t) = f(x — ct) + g(x + ct)

=0

Noting that
ue(x, t) = —cf(x—ct)+cg(x+ct), un(x,t) = *f(x—ct)+c?g(x+ct)

Ux(x,t) = f(x —ct) + g(x+ct), uu(x,t) = F(x—ct)+g(x+ct)
and substituting in the d.e. we verify that v is a solution:

2 f(x — ct) + 2g(x + ct)} —c? {f(x —ct)+E(x+ct)| =0
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Consider the partial differential equation

&%u 5%u d%u
. i 12
aax2+b6x8y+c(9y2 0 (129)

where a, b, c are constant scalars. Consider the solution of the form
u=f(y + mx). Then

d%u

ﬁ = mzf(y+mX)
d%u .
Oxdy = mf(y + mx)
Pu .
oy = f(y + mx)

Substitute in the pde:

am?f(y + mx) 4+ bmf(y + mx) + cf(y + mx) =0
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am?f(y 4+ mx) + bmf(y + mx) + cf(y + mx) =0

f(y + mx)[am®* + bm +c] =0

Thus f(y + mx) is a solution of
0%u O%u 0%u

b

if m satisfies
am® +bm+c=0 (130)
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&%u b 5%u n d%u

am® +bm+c=0 (cf. 130)

If Equation (130) has distinct roots my and my then
f(y + mix) + g(y + max) is a solution.

If Equation (130) has repeated root m then
f(y + mx) + xg(y + mx) is a solution.
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a@ + b782u =+ c@
Ox?2 OxOy Oy?

am® + bm+c=0 (cf. 130)

=0 (cf. 129)

If in the Equation (130), a =0, b # 0 then the quadratic equation
(130) reduces to bm + ¢ = 0 and hence has only one root.
Denoting this root by my the partial differential equation has the
solution f(y 4+ mix). Noting that an arbitrary g(x) satisfies the
pde, we have f(y + mix) + g(x) as a solution.

If in the Equation (130), a=10,b =0 c # 0 then f(x) + yg(x) is a
solution.

In the above solutions f and g are arbitrary functions of their
respective arguments.
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Digression

Definition The rate of change of f(x,y) in the direction of the
unit vector u = (a, b) is called the directional derivative. It is
defined by

. f(x+ah,y + bh) — f(x,y)

lim

h—0 h

In more familiar terms, directional derivative in the direction of the
unit vector u = (a, b) can be written as

fu(x,y)a+f,(x,y)b
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Example 173

Solve
4uy —3uy, =0

together with the auxiliary condition u(0,y) = y3. Equation says

that the directional derivative towards the vector V 2 (4, —3) must
be zero. So, u(x, y) in the direction V must be constant. This
implies that u changes in the orthogonal direction (3,4) only. Thus
u(x,y) = f(3x +4y), where f is any function of one variable. This
is the general solution of the PDE.
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Example 173 (cont.)

4uy —3u, =0
u(x,y) = f(3x + 4y)
u(0,y) =y°

Let us use the auxiliary condition by setting x = 0: f(4y) = y3, Let

w2 4y, then f(w) = 'g’—:. Use argument of f as 3x + 4y to obtain
the solution
(3x +4y)?

U(X7y): 64
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ux —3u, =0
u(.y) = F(3x + 4y)
u(0,y) =y

Example 173 (cont.)

Let us verify that the solution u(x,y) = (3X+4y) satisfies the PDE
4u, — 3u, = 0. Note that

o 9(3x + 4y)? o 12(3x + 4y)?

o 64 7 64
These partial derivatives satisfy the d.e. 4u, — 3u, = 0.
Furthermore, u(0,y) = % = y3 shows that the auxiliary

condition is also satisfied.
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Example 174
Consider the pde

auy + buy, + cu = f(x,y)
Use the transformation
w=bx—ay, z=y

which is invertible;

(131)
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auy + buy, + cu = f(x,y) (cf. 131)

w=bx—ay, z=y

1
x:E(W+az)7 y=1z

Example 174 (cont.)

Define the solution in terms of the new variables w and z as
v(w, z) Let us express auy + bu, in terms of the new function v:

0 0
auy + bu, = a&v(w,z) + b—v(w, z)

dy
v 9 dv 0 dv 9 Jv 9
auc+bu, = 2§58 +50%2] + b |50 % + 5 %]
= alvy b+ vy 0]+ bvy(—a)+v,-1] (132)
= bv,
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auy + buy, + cu = f(x,y) (cf. 131)

w=bx—ay, z=y

1
x:E(W—I—az), y=z

Example 174 (cont.)

d
auy + bu, = aav(w,z) + ba—v(w,z)

y
aux + bu, = a[%%%—%%} +b[g—v"v%+%%
= afvw b+ vz 0]+ b[vw(—a)+ v, - 1]
= bv,
(cf. 132)
Using the result above we can write (131) as
1

bv, +cv = f(E(w—Faz),z) (133)
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Example 175
Using the solution procedure in the previous example solve

3ux —2uy, +u=x
Use the transformation
w=-2x—-3y, z=y

and define the solution in terms of w and z as v. Using the path in
the previous example we obtain

3uy —2uy, = —2v,

The pde in the transformed variables becomes

1
—2vz;+v = —§(w+ 3z)
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auy + buy, + cu = f(x,y) (cf. 131)

w=bx—ay, z=y
1

X = E(W+az)7 y=z
1
bv; +cv = f(g(w—i-az),z)

DE: 3uy —2uy, +u=x
Transform: w = —2x — 3y, z=y — 3u, — 2u, = —2v,

1
Transformed PDE: —2v, +v = —E(W + 32)
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Example 175 (cont.)

ov 1 1
Integrating factor p of the above d.e. equals e~2. Thus
a 4 ]. z
5(6_5 cv) = Z(W +3z)e" 2

z 1 [
—e 2v(w,z) = 4/ (w+ 3()6_%dC
_Zz 1 4
— e z2v(w,z) = —§(W+6+32)e 2 + c(w)

1 2
= v(w,z) = —§(W+ 6 +3z) + c(w)e2

In terms of the original variables x and y:
Y
2

u(x,y) =x—3+c(—2x —3y)e
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Example 176

Consider one-way flow of traffic along a long straight road between
a point A at one end and a point B at the other, on the assumption
that vehicles move to the right and can neither enter nor leave the
road between A and B. See the figure below where the x axis lies
along the road, with the sense of increasing x taken in the direction
of the traffic flow.

Traffic flow _

—

oo
>
| 4

0 )& X4 X2

Let us now consider the flow of vehicles past any two fixed points
x; and x, located between A and B, with x; < x».
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Example 176 (cont.)

Traffic flow

0] R Xq X2 8 X

As vehicles can neither enter nor leave the road between A and B,
it follows that the increase in the number of vehicles in this interval
in a unit of time must be the difference between the number of
vehicles entering at x; and leaving at x». In terms of the vehicle
density p, at time t total number of cars in the interval is

x2
/ p(x, t)dx
x1

so the rate of change of this quantity is

d [*

— t)d
dt 1 p(X? )X
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Example 176 (cont.)

Traffic flow

0 R Xq X2 8 X

In terms of the flux g(x, t) of vehicles at time t, which we assume
to be continuous and differentiable, the difference between the
number of vehicles entering at x; and leaving at x in a unit of time
is g(xi,t) — g(x2, t), so as this difference must equal:

d [*

a p(X7 t)dX = q(X17 t) - q(X2) t)

Use the integral formula
x2
5 d0x )dx = q0x, t) — q(x1, t)

x1
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Example 176 (cont.)

x2

d [

% | ox e = aba=abee). [ Jatx)dk = ae. 0=a0x.)
d X2 x2
dt/xl p(x, t)dx = — g Y q(x, t)dx

/ [pe(x, t) + qx(x, t)] dx =0
Since the above equation holds for arbitrary x; and x, we must have
pe(x, 1) + gx(x, ) =0

In the simplest case vehicle flux g and the traffic density p is
related by g = cp, where ¢ denotes constant speed of the vehicles,
consequently, gx = cpx. Using this, the pde becomes

pt(X, t) + CPX(X’ t) =0 547/676



Example 176 (cont.)

pe(x, t) + cpx(x, ) =0

This pde has zero directional derivative in the (x,t) = (c,1)
direction. Solution is constant, therefore, does not change in this
direction. Solution is function of the orthogonal direction

(x,t) = (1, —c). Thus, we have solution of the form

p(x,t) = f(x — tc) (134)

where f is arbitrary, differentiable function of its argument x — tc.
This can be verified by substituting in the pde.

548/676



p(x,t) = f(x — tc) (cf. 134)

Example 176 (cont.)

To discover the connection between the arbitrary function f and
the traffic flow in the solution described by (134), we must consider
how the traffic flow started. Suppose at time t = 0 the traffic
density distribution was p(x,0) = F(x), where F(x) is a known
function of x found by observation at time t = 0. Then the
condition p(x,0) = F(x) imposed on the traffic density at t = 0.
Setting t = 0 in (134) shows f(x) = F(x). This leads to the
solution:

p(x,t) = F(x — ct)
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Fourier Series

Consider
mmx

=) (135)

oo
%+Z amcos +b sin

m=1
where a;, b;, and L are constants On the set of points where the
series (135) converges, it defines a function f, whose value at each
point is the sum of the series for that value of x. In this case the
series (135) is said to be the Fourier series for f.
The first term in the series (135) is written as % rather than simply
as ag to simplify a formula for the Fourier serles coefficients.
A function f is said to be periodic with period T > 0 if the
domain of f contains x + T whenever it contains x, and if

fix+T)="f(x) (136)

for every value of x.
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f(x+T)="f(x) (cf. 136)

The smallest value of T for which Eq. (136) holds is called the
fundamental period of f.

Q
~—(
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If f and g are any two periodic functions with common period T,
then their product fg and any linear combination ¢;f + cog are also
periodic with period T. To prove the latter statement, let

F(x) = cif(x) + c2g(x); then for any x

Fix+ T)=af(x+ T)+ ag(x+ T)=af(x)+ ag(x) = F(x).
Orthogonality of the Sine and Cosine Functions

The standard inner product (u, v) of two real-valued functions u
and v on the interval a < x < 3 is defined by

(u,v) = /j u(x)v(x)dx.

The functions v and v are said to be orthogonal on o < x < g if
their inner product is zero, that is, if

/a ’ u(x)v(x)dx = 0.
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A set of functions is said to be mutually orthogonal if each
distinct pair of functions in the set is orthogonal.

The functions sin(mmx/L) and cos(mmx/L),m=1,2,..., form a
mutually orthogonal set of functions on the interval —L < x < L.
Let m, n be positive integers. then

L
/ cos X cos X dy = 0 m7n
L L L L m=n

L mmx . nmx
cos 1 sdex:O all m,n
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% + i (am cos X 4 bm sin ZTX) (cf. 135)
m=1
Let (135) converges and let us call it f(x):
> mmx
= ?0 + Z am cos X 4 b sin T ) (137)

m=1
First multiply Eq. (137) by cos(nmx/L), where n is a fixed positive

integer, and integrate with respect to x from —L to L;

L L
nmx ag nmwx
f(x)cos —dx = — cos —dx—+
/L (*) L 2 /4 L

Z(am/ cos e cos de + bm/ sin mrx cos @dX)
m=1 —L L L _1 L L
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L L
nm _ nmx
f 7d _ a0 nrx 4
/_L (x) cos [ 5 _Lcos T pan

Z(am / o8 Sl cos de + bm/ sin mmx cos BdX)
m=1 J—L L L _l L L

When m = n, the red colored summation above equals a,L:

L
[ty ™

/ f(x S—dx
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mmnx

0
x:20+213mcos +b sin

) (cf. 137)

To determine ap we can integrate Eq. (137) from —L to L,

obtaining
L
/ f(x)dx = Lag
L

Likewise
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Example 177

-6 -4 -2 2 4 6 X

Consider the triangular wave above. It is periodic with T =4, so
L=2.
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Example 177 (cont.)

—x, —2<x<0
f(x)—{ x, 0<x<2

Using the formulas derived, we obtain

0, m even

__8 _ dd
30:2,am:{ (mryz> M OCC Y o m=1,2,...

Flx) — 8 x 1 X m
— (x)—l—; cos7+3—2c057+?c057
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The Vibrating String Problem

Example 178

The Physical Problem Consider a tightly stretched elastic string
the ends of which are fixed on the x axis at x =0 and x = L.
Suppose that for each x in the interval 0 < x < L the string is
displaced into the xy plane and that for each such x the
displacement from the x axis is given by f(x), where f is a known
function of x.

’

fx)

=Y
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Example 178 (cont.)

Suppose that at t = 0 the string is released from the initial position
defined by f(x), with an initial velocity given at each point of the
interval 0 < x < L by g(x), where g is a known function of x.
Obviously the string will vibrate, and its displacement in the y
direction at any point x at any time t will be a function of both x
and t. We seek to find this displacement as a function of x and t;
we denote it by y or y(x, t).

yl}

fx)

S
~ 4
=~V
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Example 178 (cont.)

Mathematical Problem The string satisfies

0%y 0%y

2

— == 138
Coxz T o (138)
where o2 2 I, with 7 and p denote string tension and density

respectively. Boundary conditions of the string are:

y(0,t) =0, for0<t<oo
y(L, t) =0, for0 <t <oo
y(x,0) = f(x), for0<x<L (139)
8yg;’0) = g(x), for0<x<L
b
)
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2327)/ _ 32)/

(6% 8X2 = w (Cf 138)
Example 178 (cont.)
Let the solution have the form
y(x,t) = X(x) T(t) (140)
0%y d’X 9%y d’T
Yr_q22 Y7 5"
T U@ a2 de
Substituting in the pde:
d’X d’T
2 _
T e dt2
Dividing througout XT:
2 dx dt
= 141
o = (141)
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Example 178 (cont.)

d2)2< dZI
2 — dt f. 141
“ X T (c )

Since X is a function of x only, the left member of (141) is a
function of x only and is independent of t. Further, since T is a
function of t only, the right member of (141) is a function of t only
and hence is independent of x. Since one of the two equal
expressions in (141) is independent of ¢ and the other one is
independent of x, both of them must be equal to a constant k.

d?X d2T

2 dx? dt?
o =k =k

X ’ T

From this we obtain the two ordinary differential equations:
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Example 178 (cont.)
From this we obtain the two ordinary differential equations:

d’X  k d’T
2 Sx= 142 S kT = 14
dx?  a? 0 (142) _dt? 0 (143)
For the ode (142) the boundary conditions in (139) become

y(O,t):X(O)T(t)z(()), for 0 < t < o0 (144)

y(L,t) = X(L)T(t) for0 <t < oo

Satisfying the above equations by assuming T(t) = 0 for
0 < t < oo leads to trivial solution y(x,t) = X(x)T(t) = 0 for
0 < t < o0; therefore we do not assume that. This leads to:
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Example 178 (cont.)
Thus, one of the equation to be solved is
EX_ky_yg (cf. 142)
dx>  o2" '
with X(0) =0, X(L) = 0. This is a Sturm-Liouville equation (See
the class notes). k = 0 leads to the trivial solution. k > 0, likewise,
leads to the trivial solution. k < 0 leads to

n’r?a?

k:—T, n:1,2,...

and the solutions (characteristic functions)

X,,:c,,sinmrTX, n=12,... (145)
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Example 178 (cont.)
Now consider the other de:

d’T

Using the k values obtained for the 1st de, the equation above
becomes
d*T  n®r?a?
e T
For each value of n, this differential equation has solutions of the
form

T=0n=12,... (146)

n t
Th = cpasin A + cp2 cos n=1,2,... (147)
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Example 178 (cont.)
We obtained expressions for X, and T,, so that

. hmx . hmat nmat
X Tp, = [cnsm —} [c,,lslni—i-cngcos }
L ’ L ’ L
which leads to the solution
. nmx . nmot nmat
Yn(x, t) = [sm %} [a,,sm T + by cos T } ,n=172 ...

with a, 1= cpcn 1, by 1= CnCp2
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Example 178 (cont.)

nmwx . hmat nmot
}[ansm ,h=12 ...

Y(x, t) = [sin I I + by cos 1
The last two initial conditions in (139) shown below are to be
satisfied:

y(x,0) = f(x), for0<x<1L

148
wzg(x), for0<x<L (148)

The 1st condition above results in

bnsin? =f(x),0<x<L
which cannot be satisfied for an arbitrary f(x)

(unless f(x) = Asin 7).
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Example 178 (cont.)

Knowing that linear combinations of the solutions are also
solutions, and infinite series of solutions, with convergence criterion
satisfied, are also solutions, we express the solution as

nz_:l)’n(& t) = Z {Sin ?} [a,, sin I‘I7TLOé + b, cos n7rLa }

n=1

Denoting the sum on the left by y(x, t) we can write

y(x,t) = i [sin MTX] [a,, sin n7TLat + bp cos mTTat] (149)

n=1
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Digression Let m, n be positive integers. then

L
/ cosmﬁxcosmdx:{ (z m 7 n
0 L L 5

> m=n

L mmTx . nmx
cos sin——dx =20 all m,n
0 L L

/L in mmx in n7rxd

| N ——ax =
A L L
Example 178 (cont.)

Next we apply the boundary condition

m=#n

m=n

N~ O

ansianX:f(x), 0<x<L
n=1

The coefhicients b, can be found by

2 L
b,,:/ f(x)sinﬂdx, (n=1,2,...)
L)y L
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> nmx nmtat nmtat
[sm—} [a,, sin i + b, cos T (cf. 149)

n=1

Example 178 (cont.)
The only condition which remains to be satisfied is

8}/5;:0) =g(x), for0<x<L

Taking the derivative of (149) we obtain

dy(x, t) i [mra} [ _ nWX} [ nmwat . nmat
= —— | [sin——| |a,cos — b, sin }
- L L L L

Using the 2nd i.c.:

o0
Z anrzﬂa sin ? =g(x), 0<x<L
n=1
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Example 178 (cont.)

dy(x,0)
ot

8y(>;, t) _ ni:o; {mra} [sin HLLX} [an cos n7rLat b, sin mrat}

=g(x), for0<x<L

0 L L

o0
Z a,,rzwa sin ? =g(x), 0<x<L
n=1

This may compactly be written as
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Example 178 (cont.)

ZA,,smmTX =g(x), 0<x<L
n=1

The coefficients A,, can be obtained by

5 L
A, = / g(x)sin —mrxdx, (n=1,2,...)
L/, L

Since A, := 227"* the above formula becomes

2 L nmx
= — in——d =12 ...
= | 809 Td (n=1.2...)
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Example 178 (cont.)
Solution recap
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Approximate Methods of Solving First-Order Equations

Consider J
y
Yo ¢ 150
o = [(x0Y) (150)
where f is a real function of x and y. The explicit solutions of (150)
are certain real functions, and the graphs of these solution functions
are curves in the xy plane called the integral curves of (150).

At each point (x, y) at which f(x, y) is defined, the differential
equation (150) defines the slope f(x, y) at the point (x, y) of the
integral curve of (150) that passes through this point.

Thus we may construct the tangent to an integral curve of (150) at
a given point (x, y) without actually knowing the solution function.
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Through the point (x, y) we draw a short segment of the tangent
to the integral curve of (150) that passes through this point. That
is, through (x, y) we construct a short segment the slope of which
is f(x, y), as given by the differential equation (150). Such a
segment is called a line element of the differential equation (150).
For example, let us consider the differential equation

% = 2x+y. (151)
Here f(x,y) = 2x + y, and the slope of the integral curve of (151)
that passes through the point (1,2) has at this point the value
f(1,2) = 4. Thus through the point (1, 2) we construct a short
segment of slope 4 or, in other words, of angle of inclination
approximately 76°. This short segment is the line element of the
differential equation (151) at the point (1,2). It is tangent to the
integral curve of (151) which passes through this point.
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f(x,y) = 2x + y, and the slope of the integral curve that passes
through the point (1,2) has at this point the value f(1,2) = 4.

YA

=Y
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Consider

dy

vl
Let us now return to the general equation (150). A line element of
(150) can be constructed at every point (x,y) at which f(x,y) in
(150) is defined. Doing so for a selection of different points (x, y)
leads to a configuration of selected line elements that indicates the
directions of the integral curves at the various selected points. We
shall refer to such a configuration as a line element configuration.

f(x,y) (cf. 150)

For each point (x, y) at which f(x,y) is defined, the differential
equation (150) thus defines a line segment with slope f(x, y), or, in
other words, a direction. Each such point, taken together with the
corresponding direction so defined, constitutes the so-called
direction field of the differential equation (150). We say that the
differential equation (150) defines this direction field, and this
direction field is represented graphically by a line element
configuration.
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Example 179
Construct a line element configuration for the differential equation

dy

— =2 . cf. 151

5 = Xty ( )
and use this configuration to sketch the approximate integral

curves.

(x,y) slope inclination
(0.5,-0.5) 05 279
(0.5,0) 1 459
(0.5,05) 1.5  56°
(0.5,1) 2 63°
(
(
(
(

1,-05) 15  56°
) 2 63°
25  68°
) 3 720

=
ol
N—r
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Example 179 (cont.)
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The Method of Isoclines

Consider

dy
ol f(x,y) (cf. 150)

A curve along which the slope f(x, y) has a constant value c is
called an isocline of the differential equation (150). That is, the
isoclines of (150) are the curves f(x,y) = c, for different values of
the parameter c.

Caution. Note carefully that the isoclines of the differential
equation (150) are not in general integral curves of (150). An
isocline is merely a curve along which all of the line elements have a
single, fixed inclination. This is why isoclines are useful. Since the
line elements along a given isocline all have the same inclination, a
great number of line elements can be constructed with ease and
speed.
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Example 180
Employ the method of isoclines to sketch the approximate integral
curves of

dy
=9 . f. 151
o = XY (cf. 151)

Solution We have already noted that the isoclines of the
differential equation (151) are the straight lines 2x + y = ¢ or

y=-2x+c. (152)
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Figure:

i dy _
Isoclines for 3 = 2x +y
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Example 181
Employ the method of isoclines to sketch the approximate integral
curves of

dy 5, >
X +y (153)

Solution The isoclines of the differential equation (153) are the
concentric circles x? + y? = c. In the figure, the circles for which
c= %, %, %, 1, f—g, %, % and 4 have been drawn with dashes, and
several line elements having the appropriate inclination have been
drawn along each. For example, for ¢ = 4, the corresponding
isocline is the circle x> + y? = 4 of radius 2, and along this circle

the line elements have inclination tan—1 4 = 769.
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Source: W. E. Boyce and R. C. DiPrima, Elementary Differential
Equations and Boundary Value Problems, John Wiley, 2001

Example 182
Consider the forces that act on the object as it falls:

m% =mg—v (154)
where m is mass of the object, v (m/sec) is velocity of the object,
g is the gravity (9.8 m/sec?), and ~ is the drag coefficient. Due to
gravity, the object falls. The opposing drag force is assumed to be
proportional with the velocity. Therefore, on the righthand side of
(154), net downward force is the difference mg — yv. Let m =10
kg, and v = 2 kg/sec. Then Eq. (154) is rewritten as

dv v

— =908—— 155

dt 5 (185)
We investigate the behavior of solutions of Eq. (155) without
actually finding its solutions.
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Example 182 (cont.)

Y _gg- Y (cf. 155)

We will proceed by looking at Eq. (155) from a geometrical
viewpoint. Suppose that v has a certain value. Then, by evaluating
the right side of Eq. (155), we can find the corresponding value of
dv/dt.

For instance, if v =40 , then dv/dt = 1.8. This means that the
slope of a solution v(t) has the value 1.8 at any point where

v = 40. We can display this information graphically in the tv-plane
by drawing short line segments, or arrows, with slope 1.8 at several
points on the line v = 40.

Similarly, if v =50, then dv/dt = —0.2, so we draw line segments
with slope —0.2 at several points on the line v = 50.

We obtain the following figure by proceeding in the same way with
other values of v.
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Example 182 (cont.)

AXLZATELTL T RV s
e e R e R e
e T R D e
T R T e
AZZLE AL LT T Y R RN
ZLZ 2R EN T I L AR
Zrzz o221 T 1 RN XARASN
AL AL LT LT T DA VAN AN
O A B R sy
LA LR P IR SRS
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Example 182 (cont.)

dv v
— =08—— f. 1
” 9.8 5 (cf. 155)

On the graph, if v is less than a certain critical value, then all the
line segments have positive slopes, and the speed of the falling
object increases as it falls. On the other hand, if v is greater than
the critical value, then the line segments have negative slopes, and
the falling object slows down as it falls. What is this critical value
of v that separates objects whose speed is increasing from those
whose speed is decreasing?

Itis v =(5)(9.8) = 49 m/sec.

Let us substitute v(t) = 49 into Eq. (155) and observe that each
side of the equation is zero. Because it does not change with time,
the solution v(t) = 49 is called an equilibrium solution. It is the
solution that corresponds to a balance between gravity and drag.
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Example 182 (cont.)

220NN
222tV
222NN
22T TTTVVANAY
227 HHTHTTT VAN
222t TN
222NN
222t TT VAN
22TV
2220V

10

8

6

4

2

481
ot
40t

(10.51, 43.01)

v=49 (1 —e5)

12

10

100 =

80 =

60 —

40 —

20
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Solutions of DE sets in the Phase Plane

Example 183
Consider the differential equation
2q -2 1 x1
dat | —
£]-[7 L[R) e

Its eigenvalues are n 2 1and r 2 3 Corresponding
: 1 -1 .
eigenvectors are V(1) = [ ] ] and V(@ = [ 1 ] Solutions of

the d.e. has the form

x(t) = q VWent 4 ¢, v@ert

Using the values we have
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Example 183 (cont.)

X(t):q[i}e—f_i_q[—ll}e—&

Lets find the solution corresponding to the initial condition

2w = 2]
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Example 183 (cont.)

Solutions in scalar form are

xi(t) =2e7 "t x(t)=2e"

Their time graphics are given below:

X;=2*exp(-t)

2 I \

Xp=2%exp(-t)
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Example 183 (cont.)

t

x1(t)

x2(t)

0
0.0445
0.2345
1.4077
3.1805
5.8435

Table: x; and x values as a function of time

2
1.9130
1.5819
0.4889
0.0828
0.0058

2
1.9130
1.5819
0.4889
0.0828
0.0058
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Example 183 (cont.)

t x1(t) x2(t)

0 2 2
0.0445 1.9130 1.9130
0.2345 1.5819 1.5819
1.4077 0.4889 0.4889
3.1805 0.0828 0.0828
5.8435 0.0058 0.0058

Table: x; and x5 values as a
function of time

Instead of plotting each time
graphics separately, we may
plot x; vs. x» on the xix
(phase) plane:

Xy VS Xp

4 I
3_ st
>2\2, -
1+ -
0 I I ! il
0 1 2 3 4

X1
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B2 ] e

dt

Example 183 (cont.)

X2 VS X;

4 I [

3= o
-2

S0 " |
1+ -
0 | | | |
0 1 2 3 4

X

Notice that the trajectory started on the eigenvector line stayed on
the line forever. Regarding the d.e. (156), at (x1,x2) = (2,2) we
have (5(1,)'(2) = (—2, —2)
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Example 183 (cont.)

Xy VS X
4 \
3 I .
><°Q - =
| - _
! 058 )
14
0 | | |
0 1 2 3 4
X4

Note that, regarding the d.e. (156), at (x1,x2) = (1,1) we have
()'(1,)'(2) = (—].7 —1); at (X1,X2) = (05,05) we have
(%1, %) = (—0.5,—0.5)
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Example 183 (cont.)

Let us redo the procedure for another i.c. x(0) = (2,4). The
solution corresponding to the initial condition (2,4):

£]-o[t]eeal 2]

Corresponding solution is

X(t):3[i]et+1,{—11}e3t
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Example 183 (cont.)
x(t):3[ 1 ]e‘t+1- [ _11 ]e_?’t

X7 and x, vs t

[&)]

I

dwxz (red)
[

N

(blue) an

X1
[

o

o
e
N
w
oS
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Example 183 (cont.)

t

Xl(t)

Xz(t)

0
0.0445
0.3695
1.5256
2.8610
4.7793
6.8804
8.5594

Table: x; and x» values as a function of time

2
1.9981
1.8929
1.1001
0.4423
0.0967
0.0160
0.0036

4
3.9111
3.2750
1.5342
0.5557
0.1133
0.0181
0.0040

600/676



Example 183 (cont.)

t x1(t)

Xz(t)

0 2
0.0445 1.9981
0.3695 1.8929
1.5256 1.1001
2.8610 0.4423
47793 0.0967
6.8804 0.0160
8.5594 0.0036

4
3.9111
3.2750
1.5342
0.5557
0.1133
0.0181
0.0040

Table: x; and x> values as a

function of time

The solution in the phase plane
is
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Example 183 (cont.)
2a -2 1 x1
dr | — f. 156
2]-[V L8] e
At (x1,x2) = (2,4), the variable derivatives (x1, %) = (0, —6) :

Xl VS Xz

602/676



Example 183 (cont.)
Let us show the eigenvectors on the solution graph:

X1 VS Xy
S I [ [
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Example 183 (cont.)
Phase portrait for the d.e. (156)

X1 VS X7
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Example 183 (cont.)
Phase portrait for the d.e. (156)with the eigenvectors

Xl VS X2

I I | \

41 V,
V,

2_ 2
Q0: :
K _
4 _

| | | | l

-4 -2 0 2 4

X1
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Example 184
Consider the differential equation

by T
HEERE
dt |
Its eigenvalues are n = 2 —1+2iand r £ 19 Corresponding
eigenvectors are V(1) = _1’ ] and V(@ = [ 1 ] Solutions of

the d.e. have the form

x(t) = cle*f{cos(zt){ 0 } fsin(2t)[ N ”ﬂZe*t{cos(zt)[ N ]+sin(2t)[ 0 ]}
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Example 184 (cont.)

The solution corresponding to the initial condition (2, 2):

[g}:qe—‘] {cos(z-O)[H—sin(z-O)[_ol ”+

ce {cos(Q-O) { _01 ] +sin(2-0 { (1) ”

Corresponding solution is

= o[ ] o[ 3 s ]
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Example 184 (cont.)
Time graphics of the solutions are given below:

Xy=2exp(-t)sin(2t)+2exp(-t)cos(2t

X,=2exp(-t)cos(2t)-2exp(-

t)sin(2t

25 I | \ 2r { \ 1 { 7
2F B 1.5 -
10 . 17 =
g - 4 205+ 1
0.5~ - = o
or < 05F 1
5 6 & 10 o 2 4 6 8
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Example 184 (cont.)

t x1(t) xo(t)

0 2 2
0.0178 2.0334 1.8924
0.0845 2.1194 1.4760
0.1445 21452 1.0914
0.3792 1.8330 -0.3443
0.7193 0.6489 -1.6510
1.0376 -0.4913 -1.6988
1.6233 -1.0272 -0.0187
2.4444 0.3850 0.7879

Table: x; and x» values as a function of time
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Example 184 (cont.)

t x1(t) xo(t)

0 2 2
0.0178 2.0334 1.8924
0.0845 2.1194 1.4760
0.1445 21452 1.0914
0.3792 1.8330 -0.3443
0.7193 0.6489 -1.6510
1.0376 -0.4913 -1.6988
1.6233 -1.0272 -0.0187
2.4444 0.3850 0.7879

Table: x; and x5 values as a
function of time

X1 Vs. Xo on the phase plane:
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Example 184 (cont.)
Phase portrait for the d.e. (157)

)(2 VS )(1
4 | ;
2_ |
Qor
| _
-4 | | |
-4 -2 0 2 4
X1
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Phase Plane Analysis

Since many differential equations cannot be solved conveniently by
analytical methods, it is important to consider what qualitative
information can be obtained about their solutions without actually
solving the equations.

In the sequel we consider the idea of stability of a solution, and
employ geometrical methods.

We consider the system
dx

E pr—
where A is a 2 x 2 constant matrix, and x is a 2 X 1 vector.

Ax (158)
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Consider J
y
— =f 1
=ty (159)

The points where the right side of Eq. (159) is zero are of special
importance. Such points correspond to constant solutions, or
equilibrium solutions, of Eq. (159), and are often called critical
points. Similarly, for the system (158), points where

Ax =0

correspond to equilibrium (constant) solutions, and they are called
critical points. We will assume that A is nonsingular, or that
det A #£ 0. It follows that x = 0 is the only critical point of the
system (158).
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dx

i Ax (cf. 158)

A solution of Eq. (158) is a vector function x = ®(t) that satisfies
the differential equation. Such a function can be viewed as a
parametric representation for a curve in the x; x> plane. It is often
useful to regard this curve as the path, or trajectory, traversed by
a moving particle whose velocity dx/dt is specified by the
differential equation.

The x1 x> plane itself is called the phase plane and a representative
set of trajectories is referred to as a phase portrait.
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CASE 1: Real Unequal Eigenvalues of the Same Sign

dx

— =A f. 1
” X (cf. 158)

The general solution of Eq. (158) is
x = ¢ VWent 4 o, /(2 ert

In the case of real unequal eigenvalues of the same sign, the
eigenvalues r; and ry are either both positive or both negative.
Suppose first that n < r» < 0, and that the eigenvectors v(1) and
V(@) are as shown in figure below. Above solution implies that
[|x|| = 0 as t — oo regardless of the values of ¢; and ¢; in other
words, all solutions approach the critical point at the origin as

t — oo.
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x = Vet 4 ¢, V2 ert

If the solution starts at an initial point on the line through V(1),
then ¢ = 0. Consequently, the solution remains on the line
through V) for all t, and approaches the origin as t — oc.
Similarly, if the initial point is on the line through V() then the
solution approaches the origin along that line.

X
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x = VWent 4 ¢,/ (Dert

It is helpful to write the above equation in the form
X = o2t (q v eln-r)t | ch@))

Observe that n — rn < 0. As long as ¢ # 0, the term V(1) eln—r)t
is negligible compared to ¢, V() for t sufficiently large.

Note that e("t="2)t makes the red colored term smaller as t grows.
Obviously, this reduces the parenthetical term to ¢, V().
Eventually, the overall term becomes e"2tc, v,
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Example 185

dx_ 0 -1
da |8 -6 |~

The coofficient matrix has eigenvalues —2 and —4. Corresponding

eigenvectors are V(1) = { ; ] and V(@ = [ i ] . Because both

eigenvalues are negative, we know that all the trajectories approach
the origin when t — oo.

For any matrix with two real eigenvalues r; and r> with two distinct
eigenvectors, we have the equilibrium point at the origin, which is
called node. This point attracts trajectories if eigenvalues are
negative and repels them if eigenvalues are positive.
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Example 185 (cont'd.)
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CASE 2: Real Eigenvalues of Opposite Sign

x = VMent 4 ¢, v@ert

is the general solution, where eigenvalues b > 0 and r» < 0.
Suppose that the eigenvectors V(1) and V() are as shown in the
figure below.
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If the solution starts at an initial point on the line through V(1),
then it follows that ¢, = 0. Consequently, the solution remains on
the line through V() for all t, and since r, > 0, [|x|| = oo as

t — oo. If the solution starts at an initial point on the line through
V(2), then the situation is similar except that ||x|| — 0 as t — oo
because r, < 0. Solutions starting at other initial points follow
trajectories such as those shown in the figure below.
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Example 186

dx_13
da |1 -1 |~

The coefficient matrix has eigenvalues 2 and —2. Corresponding
. -1 .
eigenvectors are vq = [ i ] and v, 2 [ 1 ] . Because it attracts

some trajectories and repelssome other trajectories, the point 0 is a
saddle point of the d.e. If the initial condition is on the v line
then its norm goes to infinity along that line. However, if it is on
the v, line it goes to origin without leaving that line. If the initial
condition location is elsewhere then it goes to infinity following the
arrows suitable with its position.
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Example 186 (cont'd.)
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CASE 3: Equal Eigenvalues

We now suppose that 1 = rn = r. We consider the case in which
the eigenvalues are negative; if they are positive, the trajectories are
similar but the direction of motion is reversed. There are two
subcases, depending on whether the repeated eigenvalue has two
independent eigenvectors or only one.
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Subcase a: Two independent eigenvectors Corresponding
general solution is

x=c Vet 1 /et

where the eigenvectors V(1) and V(1) are linearly independent. In
this case, every trajectory lies on a straight line through the origin,
as shown below:

X2

\/(2) \/(1)

X4
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Subcase b: One independent eigenvector Corresponding
general solution is

x = ¢y Ve + cp(Vte™ + Ue™)

For large t, the dominant term in the equation above is ¢, Vte'™.
Thus, as t — oo, every trajectory approaches the origin tangent to
the line through the eigenvector. This is true even if ¢ = 0, for
then the solution x = ¢; Ve lies on this line.

We may write the solution as

x=[(aV+al)+ Ve 2 yer

Observe that the vector y determines the direction of x, whereas
the scalar quantity e affects only the magnitude of x.
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When a double eigenvalue has only a single independent
eigenvector, the critical point is called an improper or degenerate
node. For this subcase, a phase portrait is given below.
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CASE 4: Complex Eigenvalues

Suppose that the eigenvalues are \ & iu, where X\ and p are real,

A # 0, and p > 0. Such systems are typified by

dx | X p
dt_{—u A}X

In scalar form
x| = AX1 + puxo, Xy = —px1 + Axo
Introduce polar coordinates:
rP=x3+x3, tanf = x/x

Differentiate (161)

' = X1X{ + X2X£7 (5352 9)9/ = (Xlxé - X2X{)/X12

(160)

(161)

(162)
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x| = Axqy + pxa, Xp = —px1 + Axo (cf. 160)

' = xix{ + xox5, (sec?0)0' = (x1x5 — xox])/x¢ (cf. 162)

Substitute (160) in the first of Eqs. (162), we find that

r'=\r

r = ce>‘t

where c is arbitrary constant.
Substitute (160) in the second of Egs. (162), and using the fact
that sec? 0 = r?/x¢

0 =—pn

0 =—ut+ 6

where 0y is arbitrary constant.
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Since p > 0, it follows from 6 = —ut + 6y that 6 decreases as t
increases, so the direction of motion on a trajectory is clockwise.
As t — oo, we see from r = ce* that r = 0 if A <0 and r — oo
if A > 0. The critical point is called a spiral point in this case.
Typical phase portraits ar shown below:

_——

I

=

1
X1

=) 1.
N
(D

=

630/676



Complex Arithmetic

Definition 40
A complex number z is an ordered pair z = (x, y) of real numbers
x and y with operations of addition and multiplication.

Identify the pairs (x,0) with real numbers x.
.. Complex numbers include the real numbers as a subset.

Complex numbers of the form (0, y) are called imaginary numbers.
In z = (x,y), x is known as the real part and y is known as the
imaginary part of z.

Set of complex numbers is denoted by C. Consequently, z € C
means z is a complex number.

Related functions:

631/676



Let z1 = (x1,y1) and z = (x2, y2). Define:
(x1,31) + (x2,)2) = (a4 +x2, y1 +y2)

(X1,y1)(X2,y2) = (X1X2 —Yiy2, yixo + X1Y2)
Note that
(x,y) = (x,0) + (0,1)(y,0) (163)
——
(0,y)

Let x denote (x,0) and let i denote the pure imaginary number
(0,1) we can rewrite (163) as

(x,y)=x+1iy (164)
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Note that
i*=(0,1)(0,1) = (-1,0) = -1

In view of expression (164) addition and multiplication can be
written as

(x1 +iy1) + (e + iv2) = (a + x2) + iy + y2)

(x1 + iy1)(x2 + iy2) = (x1x2 — y1y2) + i(y1x2 + x1y2)
Note that

We therefore define
a(x,y) = (ax, ay)

(x,y)a = (ax, ay)
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Algebraic Properties

Commutative laws:
21t z2=2+2z1, Z120=271
Associative laws:
(nn+zn)+zm=z+(2+z), (2122)z3=21(2223)
Distributive law:
z2i(z+23) =210+ 2113

The additive identity 0 = (0,0) and multiplicative identity
1 =(1,0) satisfy

z+0=2z and z-1==z

for each complex number z
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Additive inverse of z is (—z). Thatis z+ (—z) = 0.
Multiplicative inverse z~1 of z can be computed as

zz7l=1
Let z = (x,y) and z7! = (u, v); then
(6 y)(u,v) =1

(xu — yv,yu +xv) = (1,0)
— (xu—yv)=1 and (yu+xv)=0
— X _ Y
Ty VT ey

The multiplicative inverse of z = (x, y) is, then,

21 _ X -y
X2 +y2 7X2 _|_y2

_>
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If a product z,z is zero, then so is at least one of the factors z;
and z.

For the matrices A and B, the product AB = 0 does not imply
A=0o0r B=0. For instance,

o olloo)=l0 0l
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Suppose that z1z0 = 0 and z; # 0. We will show that zo = 0. The
inverse 21_1 exists, and according to the definition of multiplication,
any complex number times zero is zero. Hence

=12z = (21_121)22 :21_1(2122):21_1 -0=0
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Division by a nonzero complex number is defined as:

Z]_ -1
22

If z1 = (x1,y1) and 2o = (X2, y») then

¥4 X1X2 + yiy2  y1Xo — X1y2
o= s w2 | 270
22 X5+ Y5 X5+ Y5

The quotient z/z; is not defined when zp =0
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Useful Identities
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Example 187

(a=3) ()

1 1 5+i\ 5+i 5 .1
5—i 5—i\6+i)

2% 26 '26
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Exercises

1) Verify that

a) (V2 —1i)—i(l —2i)=—-2i

b) (2,-3)(-2,1) = (-1,8)

2) Verify that each of the two numbers z = 1 F J satisfies the
equation z2 —2z+2 =0

3) Solve the equation z2 + z +1 = 0 for z = (x, y) by writing

(%, ¥)(,y) + (%, ¥) +(1,0) = (0,0)

and then solving a pair of simultaneous equation in x and y.
Ans. z = (—%,J?@)
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Geometric Interpretation
View z = x + iy as a point whose cartesian coordinates (x, y).
Example: The number —2 + / is represented by the point (—2,1).
The number z can also be thought of as a vector from the origin to
the point (x, y).
The xy plane may be called the complex plane, or the z plane.
The x axis is called the real axis, the y axis is called the imaginary
axis.

(21
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u+v=(1+2i)+ (3+2i) yields 4 + 4/; and
v—u=(2+2i)— (1+3i) yields 1 — /.
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The modulus or absolute value of a complex number z = x + iy is
defined as the nonnegative real number \/x2 + y? and is denoted

by |z|; that is
2=V

Geometrically the number |z| is the distance between the point

(x,y) and the origin.

|z1 — 22| = \/(x1 — x2)2 + (y1 — y2)? is the distance between z
and z.

644/676



Example 188

Im (1.4)

5 (3.1) Re

21—z = \/(Xl —x) +(n —y2)? = \/(1 —3)24+(4—-12 =13
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Representing Circle in the Complex Plane

The points lying on the circle with center zp and radius R satisfy
the equation |z — z| = R.
Note that

|(x+iy)—(x0+iyo)| = [(x—x0)+i(y—yo)| = \/(X %)+ -w)32=R

Example 189

The points z satisfying equation |z — 1 4 3i| = 2 represents the
circle whose center is zg = (1, —3) and whose radius R = 2. The
equation may be written as |z — (1 — 3/)| = 2.

i)~ (=30 = [x—1+i(y +3) = /(x — 12 + (y +3)2 =2
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Complex Conjugate

The complex conjugate of z = x + iy is the complex number x — jy
and is denoted by Z; that is

Z=x—1ly

Note that, conjugating an element twice returns the original
element:

NIl
I
N
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Useful Identities

Z=z, a+n-7+%, AB-4%
Zl=<21>, 77 = |z]?
2 2
4| 4| z+z
azl = |allzl, |2 =12 Rez=
| 2] 2
Imz=2_2% Rez<|z|
2i

22 = (o i) ¥ i) = (x - i) i) = 28 2 = [2P
Rez:%fz(x"'%w:

Rez = x < /x2 + y2 = |z]

X

648/676



Triangle Inequality

‘Zl + 22’ < ’21| + ‘22‘ (165)
Proof
|z + 22|2 =(z+2)(z+2)=(21+2z)(za+=)
=zatzazn+zna+onzn
=|z)? + (2 + 27) + |2/

But 21z + 271 = 21z + 2122 = 2 Re(z122) < 2|21 22| = 2|z1]||z2| =
2|z1]| 2|

and so |z1 + 22 < |z1]? + 2|z1|| 22| + |22|?

or |z + 2|? < (|a| + |2])?

Since moduli are nonnegative the inequality (165) follows.
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Generalization of the triangle inequality

|zt + 22+ ...+ zp| <zl + |22 + ...+ |22
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Exercises

1. Show that (24 /)2 =3 —4i
2. Show that |(2Z 4+ 5)(v2 — i)| = V3 |2z + 5|
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Polar Form

Let z = x + iy be a complex number. Its polar representation is:
z =r(cosf + isin@),

where r is the modulus of z and 6 is the argument of z. Modulus
is not allowed to be negative. The argument is always in radians!!!

We have
r=+/x2+y2>0

and € is any angle such that

osh= 2 =% & sing=—2L -7 (166)

/X2+y2 r /X2+y2 r

The argument of z is not defined when z = 0; equivalently, when
r=20.
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Figure: Polar form illustrations

r=v42+32=25=5
cosf = % and sinf = %; A solution: 6 = 0.643 radians.
s.r=5and arg z={0.643 + 2k7: k=0,%£1,...}
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Figure: Polar form illustrations

Notice that arg function generates radians, within the current
framework; you cannot say arg z = 36.86 degrees!!!

654/676



Figure: Polar form illustrations

Rez=rcosf, Imz=rsinf, (166)

If 6 satisfies (166) then so do 0 + 2kw (k =0, F1,F2,...).
.. (166) does not determine a unique value of argument z.

Note that r = /x> 4+ y? = |z| = VzZ
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Arg z: Principal value of the argument

If 6 is restricted to the interval —m < 6 < 7, then there is a unique
value of # that satisfies (166).
Called the principal value of the argument and denoted by Arg z.

If z=x+ iy, then

—m <Argz<m, cos(Argz) = ﬁ , sin(Argz) = ’y?‘
z
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The set of all values of the argument will be denoted by
argz ={0+2km: k=0,F1,7F2,...}
where 0 is any angle that satisfies (166). In particular we have
argz = {Argz+2km: k=0,F1,F2,...}

Unlike Arg z, which is single valued, arg z is multivalued or set
valued.
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Example 190
Find the modulus, argument, principal value of the argument, and

polar form of the given number.
a)21:5 b)22:—3i C)23:\/§—|—I'
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Example 190 (cont.)

a) z1=5,21=5+0i/
r=|z1| = V52 + 02 = 5. An argument of z; is 0. Thus

argz; = {2km: k=0,F1,F2,...}

Since 0 is in interval (—m, 7], Arg z; = 0. The polar
representation is

5 =5(cos0+ isin0)
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Example 190 (cont.)
b)z, = —3i, 2 =0—3i

r=lz|=10-3i=4/02+(-3)2 =3

3
argzy = {% +2km: k=0,F1,7F2,...}

Arg zp = = ; it is the element of arg z that lies in (—m,7].

. 37 .. 37w -7 . -
—3i=3 (cos2 + isin 2) =3 <cos <2> + isin <2>>
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Example 190 (cont.)
c) z3 = V34

r=lal = V3 +il =/ (V32 +12=2
V3

1
cos@ziz— and sinHZX:f;Asolution:ng
T T
argzz = {6 +2km: k=0,F1,F2,...}, Argzz = 3

\/§+i:2(cos%+isin%>
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Arithmetic in Polar Form

Let
z1 = ri(cosfy + isinfy) and zp = ra(cos b, + isin ;)

7120 = r1(cos 1 + isin 1) ra(cos bz + isin ;)
= rirp[(cos B cos B, — sin b sin 62) + i(sin 61 cos O3 + cos b1 sin )]
= rra[cos(f1 + 62) + isin(6; + 62)]
Thus:

arg(zizp) = argzny +argzo = {01 + 62 + 2km - k=0,F1,F2,...}

|z122| = |z1]| 22|
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When we multiply two complex numbers in polar form, we multiply
their moduli and add their arguments.

Inverse of z = r(cos@ + isinf) is
1 . 1 .
z = F(cos(—@) +isin(—0)) = ;(cose —isin®)

Because it satisfies zz=1 = 1.

When z; = ri(costy + isin61) and zp = ry(cos Oz + isinby):

2 r—l[cos(el —6y) + isin(f; — 62)]
 n
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Example 191

5 5
Let 21:3<cos%+isin%> and 22:2<cos67r+isinﬂ>

6
7120 = 2 -3 |cos E_,_Si + isin E—FSLT
12 = 46 46

=6 cosi—k Bi
- 12 N
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Example 192

oesfen(5) ()] mnafo() i)

5 T T 5 \ﬁ \ﬁ
§(cos——k/smz> =5 <+’>
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Exponential Form

e = cosf +isind — z=re?

Euler’s formula
This formula establishes a relationship between the trigonometric
functions and the complex exponential function.
Validity of this formula will be proven in the sequel.
Next we see some of its consequences.
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e = cosO+isin — z=re?

Some identities: Let z; = r e, z, = ne'®
Z1Zp = nh ei(91+02)
_ 1 .
P 1 _ 761( 0)
r
00i(—0) _ 1

V4 r- :
a_1 61(61_02) , 2o 75 0

z2 N
The circle |z — z5| = R, whose center is zp and whose radius is R

has the parametric representation

z:zo+Rei9 0<0<2m
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Example 193

{z:3+2i+2e"9; ogegw}

0
0
0.1
0.2
0.3
0.4
05
0.6
0.7
0.8
0.9
1.0
1.1
1.2

z
5.0000 + 2.0000/
4.9900 +- 2.1997i
4.9601 + 2.3973/
4.9107 4 2.5910i
4.8421 + 2.7788i
4.7552 + 2.9589/
4.6507 + 3.1293i
4.5297 + 3.2884i
4.3934 4- 3.4347i
4.2432 + 3.5667/
4.0806 + 3.6829/
3.9072 + 3.7824
3.7247 + 3.8641i
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Example 193 (cont.)

0 z
1.3 3.5350 + 3.9271/
1.4 3.3399 + 3.9709/

2.9 1.0581 4+ 2.4785/
3.0 1.0200 + 2.2822/
3.1 1.0017 + 2.0832/
7r 1+2i

+¥T FEE

st
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Powers and Roots

Integral powers of a nonzero complex number z = re’ are given by

Z2"=r"e" p=2.3 ...

De Moivre's Formula
(e)" = e — (cosf+isin)" = cos(nf)+isin(nf) n=2,3,...

Note that

(cos x + isinx)? = cos® x 4 2i sin x cos x — sin® x

2

= (cos® x — sin? x) + i(2sin x cos x) = cos(2x) + i sin(2x)

Formula holds true for n=2. Use induction to show that it also
holds true for larger integers.
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Assume that it holds true for a positive integer k, that is,
(cos x + i sinx)¥ = cos (kx) + i sin (kx) .

Then

K1 — (cos x + isinx)¥ (cos x + isin x)

(cos x + isin x)
= [cos (kx) + isin (kx)] (cos x + isin x)
= cos (kx) cos x — sin (kx) sin x + i [cos (kx) sin x + sin (kx) cos x|
=cos[(k+1)x] +isin[(k+1)x]
Therefore,
(cos® + isinB)" = cos(nf) + isin(nf) n=2,3,...
or, equivalently,

(eie)n _ ein9
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Example 194

Let us solve the equation
=1

Write z = re'? and look for values of r and @ such that
(rei9)6 —1

or

/60i60 _ 1 gi(0+2km)

=1 and 60=0+2kr, k=0,=+1,...
Consequently r =1 and 6 = 2k7 /6 and it follows that the complex

numbers
2km

z=¢€e"6s , k=0,%1,...

are 6-th roots of unity.
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Example 194 (cont.)

1 U
... R (S | I [ — 4
i [ ] [ d
;- ey
0 | . T
| — e ——,—,,,,
d [ | [ |
L breereeenas e S fracaeneeees dermenenenas !
15 IE | 1 | |
-15 1 05 0 05 1 115,

Figure: Roots of z8 =1

z" =1 has n distinct roots.
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Example 195
Find all values of (—8/)%. Let z = (—8i)% It is equivalent to solving
73 = —8i. Or (re’?)? = 8e/(Z +2km) | —0,41,.... Thats,

r3el30 — gel(F +2km) o —0,+1,...
3 —Tr
r :8and30:7—i—2/<7r7 k=0,+1,...

The roots are zx = 2e(FT%5%) | k=0,+1,...
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Exercises

1) Find one value of arg z when z is

b) ¢) (V3 - i)’

a) By

—2
1++/3i

2) By writing the individual factors on the left in exponential form,

performing the needed operations, and finally changing back to
cartesian coordinates, show that

a) i(1 — 3 (V3 +i)=2(1+3i)

b) 5i/(24+i)=1+2i

c) (—1+i)" =—8(1+1)

d) (14 v/30)710 =271 (—1 + /3i)
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3) In each case find all the roots in cartesian form, exhibit them
geometrically

a) (20)/2 b) (—1 - v/3i)"/2 c) (~16)"/*

4) Find the four roots of the equation z* +4 = 0 and use them to
factor z* + 4 into quadratic factors with real coefficients.
Ans. (22 4+ 2z +2)(z? — 2z + 2)
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